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1 Introduction 

The recent construction of NS actions mm has raised the prospect of obtaining a second-quantized, field-theoretic 
description of all superstring theories. The next step in this programme is to include the Ramond sectors. As is 
well-known, formulating kinetic terms for the Ramond sector is complicated by the fact that the string field must 
carry a definite picture [3], which for a holomorphic Ramond state is naturally chosen to be —1/2. This is not the 
right picture to form the usual string field theory kinetic term, 

( 1 - 1 ) 

since in the small Hilbert space the BPZ inner product must act on states whose picture adds up to —2. While 
there are some proposals for circumventing this problem miiiiiiiz], at this time it is not clear what is the most 
promising way forward. 

Therefore it is worth considering a simpler problem first: namely, constructing classical field equations for all 
superstring theories, including Ramond sectors. This is the goal of the present paper. With the classical equations 
of motion, we can 

• compute of tree level amplitudes including Ramond asymptotic states around the perturbative vacuum or any 
classical solution; 

• investigate the broken and unbroken supersymmetries of classical solutions representing distinct string back¬ 
grounds; 

• construct classical solutions in type II closed superstring field theory representing nontrivial Ramond-Ramond 
backgrounds. 

The last point is interesting, since Ramond-Ramond backgrounds are quite difficult to describe in the first quantized 
RNS formalism. While solving the equations of motion of closed string field theory is a tremendously difficult task, 
it does not appear to be more difficult for Ramond-Ramond backgrounds than other types of background. 

The essential idea behind our construction of the equations of motion is already contained in [T]. The main 
new ingredient will be incorporating additional labels associated with multiplication of Ramond states. Like mm, 
our approach is based on Aoo and Loo algebras, and makes extensive use of associated concepts and notation. We 
will review the needed apparatus as we go, but for more dedicated discussion see several recent works muiai. 
A different formulation of the equations of motion using the large Hilbert space has already been provided for the 
open superstring in [4] and recently the heterotic string in mm- Our approach has the advantage of describing 
type H closed superstrings as well, and, once suitable Ramond kinetic terms are formulated, might be generalized 
to give a classical Batalin-Vilkovisky action. 
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2 Ramond Sector of Open Superstring 


In this section we construct the Neveu-Schwarz and Ramond equations of motion for open superstring field theory 
using Witten’s associative star product [T2] • We will discuss the more general construction based on a non-associative 
product in the next section. The equations of motion involve two dynamical fields for the NS and R sectors: 

$N G "Hn, ^'r G ^r, (2.1) 


where Hn and 'Hr, are the NS and R open string state spaces, respectively. Both $n and d^R are Grassmann odd 
and carry ghost number 1; the NS field <i>N carries picture —1 while the Ramond field d^R carries picture —1/2. 

For clarity, let us explain why the Ramond string field is a Grassmann odd object. Any state in the Ramond 
sector can be built by acting oscillators on the Ramond ground state 


ce,e-'^/^0)\0), 


where Qg denotes the spin field bQ 


Qg{z) = exp 




a=0 


(z), S (sO;5i,S2,53,S4), Sa ^2^ 


and Ha, a = 0, ...,4 realize the bosonization of the worldsheet fermions through 






+ = a = l,...,4. 


( 2 . 2 ) 


(2.3) 


(2.4) 


We take the Ramond ground state to be Grassmann even if it is a positive chirality spinor in the GSO(+) sector. 
Then all GSO(+) projected states built from acting oscillators on (2.21 will be Grassmann even as well. A Ramond 
string field is created by taking linear combinations of Ramond states with coefficients which are anticommuting 
spacetime fields, as is appropriate for fermions. The anticommuting fields anticommute with each other, and in 
addition we will assume that they anticommute with Grassmann odd worldsheet operators]^ Therefore, in total a 
Ramond string field must be Grassmann odd, since it is built from Grassmann even states with Grassmann odd 
coefficients. 

Let us quickly review some notation and conventions which will be essential for our discussion. When discussing 
Aoo algebras in open string field theory, it is very useful to use a shifted grading on the open string state space 
called degree. The degree of a string field A, denoted deg(A), is defined to be its Grassmann parity plus one (mod 
Z 2 ). The dynamical string fields and d^R are Grassmann odd, but degree even. Consider a product of m string 
fields: 

braiAi,...,Ara). (2.5) 


The degree of the product bm, denoted deg (5m), is defined to be the degree of its output minus the sum of the 
degrees of its inputs (mod Z 2 ). It is useful to think of the product bm as a linear map from the m-fold tensor 
product of the state space into the state space: 


bm : H®™ ^ H. 


( 2 . 6 ) 


We will write 

bniAi, ..., Am) = bn(Ai 0 ... 0 Am), (2-7) 

where on the right hand side bm is regarded as an linear operator acting on tensor products of states. Given a pair 
of multi-string products bm and c„, we define a “commutator”]^ 


[5m, Cn] — bm j ^ ) 


- fc -1 


, fe=0 


\ fc =0 



( 2 . 8 ) 


'^Our conventions concerning the Ramond sector, spinors and gamma matrices follows m- 

^Another convention would assume that anticommuting spacetime fields commute with anticommuting worldsheet operators. This is 
closer in spirit to the sign rules of and in this context the Aoo and Loo algebras we will construct would be equivalently described 
as super Aoo or Loo algebras. T.E. thanks U. Schreiber for explaining this convention. 

^Commutators of multi-string products are always graded with respect to degree. 
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where I is the identity operator on the state space and 

I®’" = I (g). . . (g) I (2.9) 

n times 

is the identity operator on "H®". The commutator satisfies the Jacobi identity, and [bm-, Cn] defines an m + n — 1 
string product. Tensor products of operators act in the natural way on tensor products of states. Given two linear 
maps and Cm,n from "H®^ —>■ "H®^ and 'H®"' —)■ "H®"*, respectively, the tensor product map bkj G Cm,n satisfies 

bk,e<S>C^,n{^l<S)A2(S>...(S)Ae+„) = (-l)'i"S(c™.G(deg(.4i) + ...+deg(A,))^^^^^^^^^ (2.10) 

An Aoo algebra is defined by a sequence of degree odd multi-string products dn,n = 1,2,3,... which satisfy a 
hierarchy of identities called Aoo relations: 

[di, dn] + [d 2 , dn-i] + + [dn-i, ^ 2 ] + [dn, di] =0, n = 1, 2,3,... . (2-11) 

With these preparations we are ready to discuss the equations of motion. 

Witten’s original proposal for open superstring field theory gives the equations of motion m 

0 = Q$n + Ar(i)$N * ^’n + * H’Rj (2-12) 

0 = Q^'r-I-A( i)('pR * $N +‘I’n * ^r), (2-13) 

where Q = Qb is the BRST operator, X{z) = Q ■ ^{z) is a picture changing operator, and * is the open string star 
product. As is well known, the Witten theory is singular because of collisions of picture changing operators at the 
midpoint m- We can resolve this problem by spreading the picture changing operators away from the midpoint 
[S], which following [T] we accomplish by postulating that the equations of motion take the form 

0 = QdJN -I- M 2 ($n, ‘I’n) + TO 2 ('I'r, 'I'r) + higher orders, (2-14) 

0 = Q'I'r -I- M2(4'r, ^n) -I- M 2 ($n, 'I'r) + higher orders, (2-15) 

with higher order terms that we will construct in a moment. The degree odd product m 2 is Witten’s open string 
star product with a sign needed to shift the grading from Grassmann parity to degree: 

TO2(A,B) = (-1)‘^®s(^)A*R. (2.16) 

The degree odd product M 2 must carry picture +1 and takes the form 

M2(A, B) = ^ (ato2(A, B) + to2(XA, B) + to2(A, AS)) (2.17) 

where A is a BPZ even charge of the picture changing operator: 

A^Q-e, (2.18) 

j|z|=i 27ri 

The function f(z) is holomorphic in the vicinity of the unit circle and is defined so that ^ is BPZ even and 
anticommutes with the eta zero mode rj = tjq to give 1: 

[r?,e] = l. (2.19) 

An important observation of [T] is that M 2 is BRST exact in the large Hilbert space, 

M2 = [Q,M2], (2.20) 

and therefore may be formally obtained by an improper field redefinition from a free theory [9]. Here /i 2 is called 
the gauge 2-produc^ 

fi2{A, R) = ^ (em2(A, B) - m2(^A, B) - ^ (2.21) 

^In ^ fi 2 was denoted M 2 and was called the “dressed 2-product.” Our current notation and terminology follows [^. 
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and is degree even. It also satisfies 

m 2 = ['n,fJ-2]- ( 2 . 22 ) 

The choice of M 2 in (2.17) was dictated in [T] by cyclicity, i.e. by the assumption that M 2 can be derived by varying 


the cubic vertex of an action. In the current context we are not attempting to construct an action, so cyclicity is 
not a meaningful requirement. This means that we can in principle make another choice of M 2 . In fact, there is 
no reason why the three appearances of M 2 in (2.14) and (2.15) cannot all be chosen to be different products]^ 
However, our goal is not necessarily to provide the most general possible form of the equations of motion. We will 
try, as far as possible, to mimic the construction of the NS sector, which includes some choices which in that context 
were motivated by cyclicity. 


2.1 Cubic Order 

The higher order terms in the equations of motion will be defined by a sequence of degree odd multi-string products, 

Ml = Q, M 2 , M 3 , M 4 , ... , (2.23) 

which satisfy the relations of an Aoo algebra. We use the tilde over the products to denote a composite object which 
appropriately multiplies both NS and R sector states. For example, if Ni,N 2 are NS sector string fields and i?i, i ?2 
are R sector string fields, the composite 2-product M 2 is defined to satisfy 

M2{Ni,N2) = M2{Ni,N2), (2.24) 

M 2 (A'i,Ri) =M2(7Vi,i?i), (2.25) 

M2{Ri,Ni)=M2{Ri,Ni), (2.26) 

M2{Ri,R2)=m2{Ri,R2). (2.27) 

Introducing a composite string field 

$ = + Ikji G a = Hn © Rrj (2.28) 

the equations of motion up to second order can be expressed 

0 = -I- M 2 ($, $) + higher orders. (2.29) 

Projecting on the NS output (or picture —1) gives the equation of motion (2.14) and projecting on the R output 
(or picture —1/2) gives the equation of motion (2.15). 

Up to cubic order the A^o relations are 


[Q,M3 


= 0 , 

(2.30) 

= 0 , 

(2.31) 

= 0 . 

(2.32) 


The first two A^o relations are already satisfied since Q is nilpotent and a derivation of both m 2 and M 2 . We will 
use the third A^o relation to determine the composite 3-product M 3 . First, act the third A^o relation on three NS 
states, or two NS states and one R state. In this case, the commutator [M 2 ,M 2 ] reduces to [M 2 ,M 2 ], and we can 
take M 3 = M 3 , where M 3 is the 3-product of the NS open superstring field theory found in [1] (whose form will be 
reviewed momentarily). Therefore 


M3{Ni,N 2,N3) = M3{m,N2,N3), 

(2.33) 

M3{N,,N2,Ri) =Ms{N„N2,Ri), 

(2.34) 

M3(iVi, i?i, 7 V 2 ) = M3(7Vi, i?i, fV2), 

(2.35) 

M3(i?l, iVi, ^ 2 ) = M3(Ri, fVi, fV2). 

(2.36) 


^Following the recent suggestion of Sen [7], one can try to construct a tree-level action with two Ramond fields supplemented by a 
constraint, in a similar spirit as [^. In this approach the 2-product of NS states can be chosen to be M 2 while the 2-product of an NS 
and R state should be chosen to be Xm 2 . We did not consider this approach, though it could lead to an interesting refinement of our 
equations of motion. See also comments in the conclusion. 
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If there is more than one R input, M 3 will take a different form. For example, let us act the third A^o relation on 
three Ramond states: 


(^[Q, M 3 ] + ^[M 2 , Ma]^ i?i (g) R 2 ® R 3 = ([<3, M 3 ] + M 2 (M 2 01 +1 0 M2))Ri 0 i ?2 0 R 3 , 

= M3] + M2(to 2 (g) I + 1 (g) m2)^i?i <g) R2 ® R3, ( 2 . 37 ) 

where in the second step we acted M 2 on the R states to produce M 2 and m 2 . Next we use the fact that M 2 is 
BRST exact in the large Hilbert space: 


[Q, M 3 ] + - [Maj -^ 2 ] ] Ri® R 2 ® R 3 — 


Q, ^M3 + ^2("i2 g) I + I (g) ma)^ 


R\ (g) Ra g Rz- 


(2.38) 


Since this must be zero, it is natural to identify 

M3(i?i,i?2, R 3 ) = -^ 2(^2 (g) I + I (g) m 2 )i?l (g) i ?2 g) Rs- 

Note that this product is in the small Hilbert space, 

7711 / 3 (i?i, i? 2 , R 3 ) = Oj 


(2.39) 


(2.40) 


since ry turns 7^2 into m 2 , and the result vanishes by associativity of m 2 . Similar considerations determine the 
remaining 3-products between NS and R states: 


M3(^i,i?i,i?2) =m 2 (/i 2 (iVi,i?i),R 2 )-(-l)‘'"®^'^^V 2 (A^i,m 2 (i?i,R 2 )), (2.41) 

M^{Ri^Ni,R2) = m2{fi2(Ri, Ni), R2) + m2{Ri, fJ-2iNi, R2)), (2.42) 

M^{Ri,R2tNi) = —/7,2(m2(i?i, R 2 ),-^ 1 ) + ■ni 2 (Ri,/i 2 (R 2 ,-Ni)), (2.43) 

M 3 (Ri, i?2, i?3) = -M2(m2(i?i, Ra), R3) - V2(i?i, m2(R2, i?3)). (2.44) 


In general, when multiplying n strings there will be 2" formulae representing all ways that NS and R states can 
multiply. Determining all these formulae seems like a daunting task, but there is a trick to it which we explain in 
the next subsection. 

Before we get to this, however, it is interesting to consider the product of four Ramond states: 


M4(i?i, i?2, Rs) .^ 4 ). 


(2.45) 


Since this product would contribute to the NS part of the equations of motion (2.14), its ghost number must be —2 
and its picture number must be +1. In fact, this is the first product where the ghost number is more negative than 
the picture number is positive. It is easy to see that any product built from composing Q, m 2 and ^ must satisfy 


ghost number > —picture number. 


(2.46) 


This inequality must be violated for products of four or more Ramond states. Therefore such products potentially 
present an obstruction to our solution of the A^o relations. To see how this problem is avoided, consider the fourth 
Aoo relation, 

[Q,M 4 ] + [M 3 ,M 2 ] = 0, (2.47) 

acting on four Ramond states: 

0 = ([Q, M4] + [M3, M2]) i?i g) i?2 g) R3 g) R4, 

= ([Q, M4] + M 3 (M 2 g)Ig)I-fIg)M2g)II + IIg)IIg) M2) + M 2 (M 3 g) I -f I g) M 3 ))Ri g) R2 g) R3 g) Ri, 

= ^[Q, M 4 ] -I- M^{m 2 g)Ig)I-|-Ig)m 2 g)I-|-IIg)Ig) m 2 ) -f m 2 {M^ g) I -|- I g) M 3 ))i?i ® R 2 ® R 3 ® Ra- (2.48) 
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Keeping careful track of the NS and R inputs of M 3 , this can be further expanded 

0 = M4] + 7712(^2 ® I)(77l2 (g) I 0 I) + /72 (to 2 0 m2) + m2(/r2 <8) I)(I 0 m2 0 I) + m2(I 0 ^J-2)(J 0 m2 0 I) 

-^2(m2 0 m2) + m2(I (g) /72)(I (g I <g m2) - m2(Ai2 (g I)(m2 g I g I) - ■m2{^J.2 g I)(I g m2 g I) 

— m2 (I g /U2)(m2 g I g I) — m2(I g M2)(I g m2 g I)^i?l g i?2 g -R3 g -R4, 

= [Q, M 4 ]i?i g R 2 g R 3 g ^4- (2.49) 

Therefore we can simply choose 

M 4 (Ri,i? 2 ,R 3 ,i? 4 ) = 0. (2.50) 

More generally, we claim that all products with four or more Ramond states can be set to zero. Therefore the 
equations of motion will be cubic in the Ramond string field. 

At first this seems somewhat strange. If the equations of motion have terms which are cubic in the Ramond 
string held, cyclicity would naturally imply that they should have terms that are quartic in the Ramond string held 
as well. This is a clear indication that the equations of motion cannot be derived from an action. While this was 
expected, one might still worry that quartic Ramond terms in the equations of motion are needed to get the correct 
physics. For example, the quadratic Ramond term m 2 ('hR, d^R) is not implied by A^o relations or gauge invariance, 
but is required to incorporate the backreaction of the R held on the NS held. The difference at quartic order is that 
there is no 4-product of Ramond states at the relevant ghost and picture number which is nontrivial in the small 
Hilbert space BRST cohomology. Therefore, any quartic term in the Ramond string held can be removed by held 
redehnition. As a cross check on our equations of motion, it will be shown in m that they imply the correct tree 
level amplitudes. 


2.2 All Orders 

A key ingredient in constructing the equations of motion at higher order is to realize that multi-string products 
can be characterized according to their Ramond number. The Ramond number of a product is dehned to be the 
number of Ramond inputs minus the number of Ramond outputs required for the product to be nonzero: 


Ramond number = (number of Ramond inputs) — (number of Ramond outputs). (2.51) 

Generally, products do not have well-dehned Ramond number. A product of Ramond number N has the specihc 
property that it will be nonzero only when multiplying N or (N + 1) Ramond states (together with possibly other 
NS states), in which case it will respectively produce an NS or R state. When Ramond number is defined, we will 
indicate it by a vertical slash followed by an extra index attached to the product: 


On\N- 


— Ramond number 
-number of inputs 


(2.52) 


If the product is nonzero, its Ramond number must be restricted to the range 

-l<N<n, (2.53) 

since the number of Ramond inputs cannot exceed the total number of inputs and the number of Ramond outputs 
cannot exceed one. While generically multi-string products do not possess well-defined Ramond number, they can 
always be decomposed into a sum of products which do. To see this, consider the projector 

Pn{N)-.n®^ Pr,{Nf = Pn{N), (2.54) 

which selects elements of ’H®" which have N Ramond factors. Given an n-string product we can define the 
component at Ramond number N: 


bn\N = Pl{0) bn Pn{N) + Pi(l) bn Pn{N + 1). 


(2.55) 
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Using the resolution of the identity, 

n 

^ ^ (2.56) 

N^O 

it immediately follows that can be expressed as the sum of component products at all Ramond numbers: 

n 

bn= ^" 1 ^- ( 2 . 57 ) 

N=-l 


A comment about notation: Generally, we use to denote an n-string product of Ramond number N, but this 
does not necessarily mean that 5n|jv is derived from a product after projection to Ramond number N. When 
we do mean this, it should be clear from context. Consider a 1-string product Ri which acts as the identity on a 
Ramond state and as zero on an NS state. A product has definite Ramond number N if and only if it satisfies 

KU,Ri] =fV-&nU. (2.58) 

Using the Jacobi identity, this implies that Ramond number is additive when taking commutators of products: 

\pm I M 7 I v] \m-\-N — \pm \ M 7 \ N ]. (2.59) 

Finally, let us mention that the products in the equations of motion always carry even Ramond number (odd Ramond 
number components vanish), since picture changing operators do not mix NS and R sector states. Products of odd 
Ramond number will play a role once we consider supersymmetry in section]^ 

Now let us revisit the results of the previous subsection. The BRST operator has Ramond number zero: 


Qlo = Q- (2.60) 

The composite 2-product M 2 can be written as the sum of products at Ramond number zero and two. Comparing 
with equations (2.24)-(2.27), we can apparently write 

M 2 = M 2 I 0 + m. 2 | 2 , (2-61) 


with the indicated Ramond projection of M 2 and m 2 . Note that M 2 I 0 can be derived from the Ramond number 
zero projection of the gauge 2 -product ^ 2 '- 

M 2 |o= [Q,M 2 |o]. (2.62) 

Also, 

W 2 I 0 = [»?,Ai 2 |o]- (2.63) 

The composite 3-product M 3 can likewise be written as the sum of products at Ramond number zero and two: 


M 3 = M 3 I 0 -I- m 3 | 2 . 


(2.64) 


The Ramond number zero piece corresponds to equations (2.33)-(2.36). The Ramond number two piece m 3|2 
is seemingly more complicated, as it must produce four distinct expressions (2.41)-(2.44) depending on how it 
multiplies two or three Ramond states. To derive the 3-string products, consider the third Acx> relation: 


0 = [Q,M3] + i[M2,M2], 

= [Qj M 3 I 0 ] -I- [<5, m 3 | 2 ] + - [M 2 I 0 , M 2 I 0 ] + [M 2 I 0 , m 2 | 2 ] + - [m 2 | 2 , ?722|2] , 

= [Qj M 3 I 0 ] -I- [<5, m 3 | 2 ] + - [M 2 I 0 , M 2 I 0 ] + [M 2 I 0 , m 2 | 2 ] • (2.65) 

This is equivalent to two independent equations at Ramond number 0 and 2: 

0 = [(5,M3|o] -I- -[M 2 I 0 ,M 2 I 0 ], 

0 = [Q,m3|2] -f [M2|o,m2|2]- 
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( 2 . 66 ) 

(2.67) 











The first equation can be solved following [T]. To review, the solution is 

M ' i\o = + [-^“210,^210]), 

where /iajo is the gauge 3-product, 

Malo = ^ + TO3 |o(^(8)II(8)II + I(8 )C®I + I®I®C))i 

and malo is the bare 3-product, 

W3I0 = [w2|o,M2|o]- 

With these definitions one can show that M 3 I 0 is in the small Hilbert space: 

[v, Mslo] = 0 . 


( 2 . 68 ) 

(2.69) 

(2.70) 

(2.71) 


The only difference between iVf 3 |o and the 3-product of [T] is the explicit restriction to Ramond number zero. To 
multiply more than one Ramond state we need m 3 | 2 . By inspection of the Ramond number two component of the 
Ago relation, we can instantly guess the solution 


TO 3 I 2 = [to 2 | 2 ,M 2 |o]- 


(2.72) 


Happily, this simple formula reproduces all four equations (2.411-( 2.441 for 3-products of two or more Ramond 
states. To check, for example, we can compute the NRR product: 

i?i, i? 2 ) = [W2I2, M2I0] Ni® Ri® R2, 

= (to2|2(M2|o ®l-\-l® p.2\o) - Ai2|o(w2|2 0 I “b I 0 TO2|2))lVi ® Ri ® i?2, 

= (jn2{pi2 0 I) - /r2(II 0 m2))Ni ® Ri ® R 2 , 

= m2{tX2iNi,Ri),R2) - (-l)'^®«('^iV 2 (iVi,m 2 (Ri,R 2 )), (2.73) 


which reproduces (2.41). 

With some experience from [T], it is not difficult to guess the general form of the products to all orders. Let us 
give the answer first, and then we can prove it. The composite (n -I- 2)-string product Mn +2 can be decomposed 


^n+2 — ^n+2\o + ”^n-|- 2 l 2 - 


(2.74) 


As anticipated before, products with four or more Ramond states can be set to zero. In addition we will need to 
introduce supplemental bare products and gauge products. In total we have four kinds of product: 


products 


Mn-l -2 q: 

degree even. 

picture# 

= n -b 1 , 

Ramond# = 0, 

Mn+l\o' 

degree odd. 

picture# 

= n. 

Ramond# = 0 

" 1 U 2 I 2 : 

degree odd, 

picture# 

= n. 

Ramond# = 2, 

mn+2\o' 

degree odd. 

picture# 

= n. 

Ramond# = 0, 


which are determined recursively by the equations: 


1 


f-n-\-2\0 — 


M, 


n +2 |0 


^n-|-3|2 


u -I- 3 
1 

n -b 1 
1 


/ n+l 

Cmn+2\o -E 


?^n+ 2|0 


^n+ 1 —fe 


) > 


A ;=0 


[-^fe-l-llo) Mn-fc-|-2|o] j 


fc =0 


U -b 1 


E 


7C+2I25 Mn —fc+2|oJ 5 


k^O 


Wn-l-alo — —WT E [™fe+2|o, Mn-fc-|-2|o] , 


n -b 1 


(2.75) 

(2.76) 

(2.77) 

(2.78) 


k=0 










M2I0 ni ' T ^\2 MjIq m '^\2 M^\q m '^\2 M^\q m '^\2 

\/ \/ \/ \/ 

^ 2 lo H 3 I 0 1^4lo l^slo 


210 "^slo "'410 '"510 




’‘6l0 


Figure 2.1: Starting from m 2 |o at the lower left corner, this diagram shows the procedure for constructing all 
products which appear the NS+R equations of motion using intermediate bare products and gauge products. 


where 

-^llo = Q: W2|2=W2|2- (2.79) 

The recursive procedure for constructing the products, gauge products, and bare products is illustrated in figure 


theory. The only major difference is the appearance of a new set of products m.(j_|_ 2|2 for multiplying 2 or 3 Ramond 
states. 

To prove these formulas it is helpful to work with the coalgebra representation of A^o algebras. See also [U[2l|8l|9] . 
Consider the tensor algebra generated by taking formal sums of tensor products of string fields: 

TH = 77®° ©77 0 77®^ ©77®^©... . (2.80) 

We promote an m-string product into a linear operator on the tensor algebra called a coderivation, which we denote 
with the same symbol in boldface: 

bm bm. (2-81) 

By definition, the coderivation acts on the n-string component of the tensor algebra as 

n—m 

^ I®'=©6^©I®”-’"-*^, on 77®"^™, (2.82) 

k=0 

and on 77 ®"<"i gives zero. A commutator of products [bm,c„] can also be promoted to a coderivation. This 
coderivation turns out to be equal to the commutator of the coderivations b^ and c„ (graded with respect to 
degree): 

[b^,c^]. (2.83) 

If a sequence of degree odd multi-string products dn,n = 1,2,3,.. define an A^o algebra, the A^o relations can be 
expressed 

[di,d„] + [d 2 ,d„_i] + ... + [d„_i,d 2 ] + [d„,di] = 0, n= 1,2,3,... . (2.84) 

The main utility of introducing coderivations is that they can be added to each other. For example, given the 
products of an A^o algebra we can define a coderivation 


2.1 Note that these equations are nearly the same as those from [T] determining the NS open superstring field 


d = d„ 


(2.85) 


n—0 


This single object encapsulates all products of the A^c algebra. To get the product c7„, we act d on the n-string 
component of the tensor algebra and look at the result in the 1-string component of the tensor algebra. Moreover, 
the Aoo relations (2.111 are equivalent to the statement that d is nilpotent: 


[d, d] = 0. 


( 2 . 86 ) 


To recover the Acx> relations (2.11), we act this equation on n-string component of the tensor algebra and look at 


the result in the 1-string component of the tensor algebra. 
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Let us promote the products, gauge products and bare products to coderivations: 

-^n+l|o ^ 

”^n+ 2|2 —m^+ 2 | 2 ) 

Mn+2|o —M-n+2lo, 

”^n+ 2 |o rHn+ 2 |o; 

and define generating functions: 

OO 

M(t) =^rM„+i|o, 

n—0 

OO 

m'W = 

n—0 

OO 

m(t) = ^rm„+ 2 |o, 

n—0 

OO 

KO = 5 I^”^^"+ 2 lo- 

n—0 

Note that 

M(0) = Q, 
m'( 0 ) = m2|2, 
m( 0 ) = m2|o. 


(2.87) 


( 2 . 88 ) 

(2.89) 

(2.90) 

(2.91) 


(2.92) 

(2.93) 

(2.94) 


Substituting the generating functions and expanding in powers of t, it is straightforward to show that equations 

d . 


(2.75)-(2.78) are equivalent to: 


dt 

d 

dt 

d 

dt 


M(t) = [M(t),p(t)], 
m'(t) = [m'(f), p(t)], 


m(t) = [m{t), p(t)], 


p(t) =^om(t). 

Here the operation is defined by its action on an n-string product 


n—1 


^ O ^ e&n + (-1)'''=«('’")6„ V : 

n + 1 ' 2 -^ 




^—l — k 


This operation defines a homotopy operator for the eta zero mode, in the sense that 

[Ti.^ob]+^o [ri,b] =b, 

where b is an arbitrary coderivation, and r] is the coderivation representing the rj zero mode. 
Let A(t) or B(t) stand for M(t),m'(t) or m(t). We have 

[A(0),B(0)] =0, 


since Q,m 2 |o,ni 2|2 mutually anticommute. Now note that the differential equations (2.95)-(2.97) imply 

|[A(t),B(t)] = [[A(t),B(t)],p(t)]. 


(2.95) 

(2.96) 

(2.97) 

(2.98) 

(2.99) 

( 2 . 100 ) 

( 2 . 101 ) 

( 2 . 102 ) 
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Since this equation is homogeneous in [A(t),B(t)], which vanishes at t = 0, we conclude 


[A(t),B(t)]=0. 


In other words, M(t),m'(t) and m(t) are nilpotent and mutually anticommute. Next note that 


(2.103) 


[ri,A(0)]=0. 


(2.104) 


since Q,m 2 |o and m 2|2 are in the small Hilbert space. Equations (2.95l-(2.98l together with (2.1031 imply 


|h,A(^)]=[Tl,[A(^),^(^)]], 

= [[t1, A(t)], p(t)] - [A(t),m(t)] + [A{t),^o [ri,m(t)]], (2.105) 

= [[t1, A(t)], p(t)] + [A(t), ^ o [ti, m(t)]]. (2.106) 


Suppose A(t) = m(t). Then this equation is homogeneous in [t|, m(t)], and since this vanishes at t = 0 we conclude 
[T|,m(t)] = 0. Therefore 

|[Tl,A(t)] = [[ii,A(t)],p(t)]. (2.107) 

Since this equation is homogeneous in [t|, A(t)], which vanishes at t = 0, we conclude 


[ti, A(t)] = 0. 


(2.108) 


In other words, all products and bare products are in the small Hilbert space. Finally, consider the coderivation 
representing the composite products in the equations of motion 

OO 

M = ^M„+i =M(l) + m'(l). (2.109) 

n—0 

The above results immediately imply that 

[ti,M]=0, [M,M]=0. (2.110) 


The first equation says that the composite products are in the small Hilbert space, and the second equation says 
that they satisfy A^o relations. This completes the construction of the Neveu-Schwarz and Ramond equations of 
motion for the open superstring based on Witten’s open string star product. 


3 Ramond Sector of Open Superstring with Stubs 


In preparation for studying the closed superstring, in this section we provide a more general construction of the 
open superstring equations of motion which does not require the associativity of Witten’s open string star product. 
Specifically, we build the equations of motion by inserting picture changing operators a set of elementary products 
at picture zero: 


= Q, 


M, 


(0) 


M. 


(0) 


M, 


(0) 


(3.1) 


We assume that these products have odd degree, live in the small Hilbert space, and satisfy A^o relations. For 
example, we could define the elementary 2-string product by attaching “stubs” to Witten’s open string star 

product [21 [18] (hence the title of this section). In the following we will need to introduce a multitude of products 
with different picture and Ramond numbers. We denote the number of inputs, the picture number and the Ramond 
number of a product as follows: 

,— picture number 


M. 


(p) I 

n-|-ll2r, 


^—Ramond number 
- number of inputs 


(3.2) 
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The product is defined to be the Ramond number 2r projection of elementary product 

The goal is to construct the NS+R equations of motion, 

0 = (5$ + M 2 ($, $) + M 3 ($, $) + higher orders, (3.3) 

where $ = $ 1 ^ + and M„+i are degree odd composite products which appropriately multiply NS and R states. 
We require that the composite products live in the small Hilbert space and satisfy Hoo relations. The composite 
products can be decomposed into a sum of products of definite Ramond and picture number, 

M „+1 = Io + I 2 + ) U + ..., (3.4) 


with the sum terminating when the Ramond number exceeds the number of inputs. The picture number is correlated 
with the Ramond number so that the NS component of the equations of motion will have picture —1 and the R 
component will have picture —1/2. The composite 2-product is a sum of two terms: 


M 2 = mW|o + M^°)|2 . 


(3.5) 


The term with Ramond number 2 is the elementary 2-product acting on two Ramond states. The term with 
Ramond number zero will be defined analogously to (2.171: 


We also have 

where the gauge product is defined 

= I (CMf ^ Io - ) |o(e 01 +10 0 ) ■ 


(3.6) 


(3.7) 

(3.8) 


(3.9) 


So far, the equations of motion are precisely the same as in the previous section with the replacement of Witten’s 
associative star product with M^\ 

At higher orders the non-associativity of begins to play a significant role. The higher order products at 
zero Ramond number were already described in [2] , so let us focus on products with nonzero Ramond number. The 
composite 3-product is the sum of two terms: 


M3 = Mf^|o + M;(')|2. 

The Aoo relations imply that M 3^^|2 must satisfy 

0= [Q,M(')|2] + [M('i,Mf I 2 ]. 

Pulling a Q out of this equation we have 


0 = 


Q,m(')| 2- [Mf |2 ,m^')|o] 


(3.10) 


(3.11) 


(3.12) 


We conclude that M 3^^|2 


satisfies 




(3.13) 


Here we introduce a new gauge 3-product /i 3^^|2 which is to be defined so that M ^\2 is in the small Hilbert space. 
In the previous section we could consistently set this product to zero—indeed, in the previous section all gauge 
products had vanishing Ramond number. If we postulate that 


[»7,M3^^|2] = a4°^|2, 


(3.14) 
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where M ^'^\2 is the Ramond number 2 projection of the elementary 3-product M^\ the product will be in 

the small Hilbert space: 






{[Q^ 


M. 


( 0 ), 


3 I2J 


[M 


( 0 )| 


2 |2, loj ) , 


( 0 ), 


= 0 , 


(3.15) 

as follows from the A^o relations for the elementary products. In summary, the product ^{^^2 can be constructed 
by climbing a “ladder” of products and gauge products, starting from M^'^\ 2 '. 


Mf \2 = given. 




(3.16) 

(3.17) 

(3.18) 


where the second step inverts ( 3.14[ ). The Ramond number zero piece of the composite 3-product can be found by 
climbing a similar ladder, as described in [ 2 ]. 

Let us proceed to quartic order. The composite 4-product can be written as the sum of three terms: 


M4 = Mf)|o + MP|2+MW|4. 


(3.19) 


In the previous section the Ramond number 4 contribution could be set to zero. Now it will not vanish. Projecting 
the fourth A^o relation, 

0= [Q,M 4 ] + [M 2 ,M 3 ], (3.20) 

onto Ramond number 4 implies 

0= [Q,mW I 4 ] + [M«| 2 ,Mf I 2 ]. (3.21) 

Plugging in the expression for M ^'^\2 gives 

0= [Q,mW| 4 ] + [[Q,/x«| 2 ],Mf I 2 ] + [[Mf I 2 ]. (3.22) 

The last term is zero since I 2 , I 2 ] would be a 3-product at Ramond number four, which must vanish 

identically. We therefore conclude that 


mW| 4= [g,A^i'^|4] + [Mf |2,4'^|2], 

where the gauge 4-product is defined so that is in the small Hilbert space. If we take 

[?7,M4^^|4] = A7i°^|4, 

then 

[r?,MW|4] =-([Q,Mf |4]+ [Mf | 2 ,Mf I 2 ]), 


(3.23) 

(3.24) 


([Q,Mf] + [Mf ,Mf]) 


= 0 . 


(3.25) 

Therefore, the product [4 does not vanish and can be constructed by climbing a “ladder” of products and gauge 
products, starting from 


m ]°^|4 = given. 


(3.26) 


U = ^ I 4 - mP |4(^(g)I(g)I(g)I-hI(g)C<8)I(8)II + I( 8 )I®C( 8 )I + I( 8 )I( 8 )II( 8 )C)), (3.27) 

mPU = [Q^PPU] + [mP\2,PP\2]. (3.28) 
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With sightly more sophisticated use of the Jacobi identity, we can follow this procedure again to construct 


by climbing the “ladder:” 

Mf’la = given, (3.29) 

2 / \ 

_ 7\^_(0)|2(^(g)]i(g)i(g)]i + i(g)^(g)I(g)]I + I(g)I(g)^(g)I + I(g)I(g)]I(g)^)j^ (3.30) 

M «|2 = [Q,Mi'^| 2 ] + [Mf | 2 ,/r«|o] + [Mf |o,/xW| 2 ] + [Mf I 2 ,|o], (3.31) 

- Mi^^|2(C«)II®I®II + I® I + + (3-32) 

Mf I 2 = I 2 ] + + [Mf |2,4"i] + [mW|2,4'^|o]). (3.33) 


The number of steps in the ladder increases with the number of picture changing operators we need to insert in the 
product. The Ramond number zero piece of the composite 4-product was already constructed in [2]. 

Having provided a few examples, let us describe the general construction. We introduce a list of products and 
gauge products as follows: 

products : 
gauge products : 

where the integers N, p, r take the ranges 

N > 0, 0 < r < N, 0 < p < N — r. (3.35) 


degree odd, 

Mw+ 2 ^| 2 r, degree even, (3.34) 


The restriction on the range of r is a little too generous—many products and gauge products on this list vanish 
because the Ramond number exceeds the number of inputs. (The first example is = 0). For convenience we 

include them on the list anyway. The restriction on the picture number p comes from the fact that the equations 
of motion require that products have picture number one less than the number of inputs minus half the Ramond 
number. Since every step on the ladder to construct a product increases the picture, we do not require products 
whose picture number exceeds this bound. We can alternatively parameterize the list of products and gauge products 
by three integers d,p,r\ 


satisfying 


products : 
gauge products : 


^d+p+r+l Isr; degree odd, 
Aii+"^+r+ 2 l 2 r, degree even, 


d,p,r > 0. 


(3.36) 

(3.37) 


The integer d can be interpreted as the picture number deficit —specifically, the amount of picture that is missing 
from a product (with a given Ramond number and number of inputs) before it can appear in the equations of 
motion. The products, gauge products, and bare products introduced in the previous section correspond to a 
subset of this list: 


Mn+l 

lo 


™n+2 

I2 


Wra+2 

lo 


P'n+2 

1 

(n-l-l) 1 

lo 

~ dn+2 lo 


(3.38) 


If we assume the associativity of Witten’s star product, the remaining products and gauge products can be set to 
zero. Extrapolating from the first few orders, one can guess that the products and gauge products are determined 
recursively by a pair of equations. 


d‘%plr+2\'2r — I ?-^d+p+r-|-212r- AJd+p-|-r+2 


d -I- 1 


(P) 


r(p) 


d-l-p-l-r-l-l \ 

I2r I®'" ® ^ ® fl+p+r+l-k ^ 

k=0 / 


M, 


(p+1) 


p d r 


d+p+r+ 2 \‘^r - 


I 1 ^ X! X! [^^+p'+r' + l\'^r',iJ‘%p+tJd'-p'-r'+ 2 Wr-r')\- 


p'=0 d'=0 r'=0 


(3.39) 

(3.40) 
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Figure 3.1: Diagram illustrating the construction of products. The products shaded in grey appear in the equations 
of motion, and the elementary products at picture zero are boxed. At each order in the string field, the products 
in the equations of motion are distinguished according to their Ramond number, and at each Ramond number the 
product is derived by climbing a “ladder” of products and gauge products starting from an elementary product at 
picture zero. The “ladders” are shown above as a stack of products connected by vertical arrows. Each vertical 
arrow indicates deriving a product with one higher unit of picture from a product of one lower unit of picture by 
substituting (3.391 followed by (3.40). Climbing each ladder only requires the elementary products and knowledge 
of products already constructed at lower orders in the string field. 


The procedure for constructing the products and gauge products from these equations is illustrated in figure [O] 
Now we need to show that that the composite products M„+i which appear in the equations of motion are 
in the small Hilbert space and satisfy Aoo relations. We do this by lifting the products and gauge products to 
coderivations on the tensor algebra, and defining generating functions 

OO 

M{s,t,u)= Y. (3.41) 

p,d,r—0 

OO 

p(s,t,u)= Y Y 2 \ 2 r- (3.42) 

p,d,r—0 


The parameter s counts the picture deficit, t counts the picture number, and u counts the Ramond number. We 

of differential equations: 

M(s, t, u) = [M(s, t, u), p(s, t, u)]. 


can express (3.39) and (3.40) in the form of differential equations: 

d 


dt 


d 

p(s,t,w) = —M(s,<,m). 


(3.43) 

(3.44) 


These are nearly identical to the differential equations which determine the products of the NS sector [2], the only 
difference being the label u for Ramond number which just tags along. Next, we claim that 


[M(s,0,m),M(s,0,m)] = 0. (3.45) 

Unlike in previous examples, this relation is not directly a statement of the A^o relations for the elementary products, 
since the Ramond projections play a nontrivial role. Expanding in powers of s and u gives the formula 


r d 

[-^d'+r' + lbr-') Af^+r-d'-r' + lbfr-r')] = 0. 


r'=0 d'=0 


(3.46) 
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To prove this, expand the range of summation on the left hand side to write 


r d 


r d-\-r—r' 


E E = E E (3-47) 


r'—O d'—O 


r'—O d' — — r' 


One can check that the additional terms included vanish because the Ramond number of one of the products in 
the commutator exceeds the number of inputs. Now make the substitution d" = d' + r', and relabeling d” —>■ d' we 
obtain 

r d d-\-r r 

E E = E E 

r'—Od'—O d'—Or'—O 

d-\-r 

~ Z_^ L-'”d' + lO«d+r-d' + lJ 
d '=0 

= 0 , 


2 r 


(3.48) 


which vanishes as a consequence of the A^o relations for the elementary products. This proves (3.451. Next note 
that 

— [M(s,t,M),M(s,t,M)] = [[M{s,t,u),M{s,t,u)],^{s,t,u)]. (3.49) 

Since this equation is homogeneous in [M(s, t, u), M(s, t, m)], which vanishes at t = 0 as just demonstrated, we 
conclude 

[M(s, t, u), M(s, t, m)] = 0. (3.50) 

Since the elementary products at picture zero are assumed to be in the small Hilbert space, we have 


[t),M(s,0,'u)] = 0. 


(3.51) 


Next consider the equation 


d 


— [ri,M(s,t,u)] = [ri, [M(s, t, u), p(s, t, m)]], 

= [[T|,M(s,t,M)], ^(s,^,^)] - 


M(s,<, u), —M(s,t,M) 

= [[T|,M(s,t,M)], ^(s,^,^)] - ^^[M(s,<,u),M(s,t,ii)] + 


M{s,t,u),^o — [ri,M(s,t,u)] 


M{s,t,u),^o — [ri,M(s,t,u)] 


= [[T|,M(s,t,M)], p(s,t,u)] + 


d 


M(s,t,'u),^o — [Ti,M(s,t,u)] 


Since this equation is homogeneous in [t|, M(s, t, m)], which vanishes at t = 0, we conclude 

[T),M(s,t,'u)] = 0, 


(3.52) 


(3.53) 


which implies that all products are in the small Hilbert space. Finally, consider the coderivation for the composite 
products which appear in the equations of motion: 


The above results imply that 


OO 


M = ^M„+i =M(0,1,1). 

(3.54) 

n—0 


[il,M]=0, [M,M]=0, 

(3.55) 


so the composite products are in the small Hilbert space and satisfy A^o relations. This completes the construction 
of the Neveu-Schwarz and Ramond equations of motion for the open superstring with stubs. 
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4 Ramond Sector of Heterotic String 

The generalization of the open superstring with stubs to the heterotic string is straightforward. It requires two 
steps: First we symmetrize the tensor algebra, which replaces the A^o structure of the previous section with an Lao 
structure. Second, we fix the operator ^ to be the zero mode for consistency with the level matching and &q 
constraints. Those familiar with [2] may need no further explanation, but for completeness we spell it out here. 

Closed string products are naturally commutative—they are symmetric (up to signs) upon interchange of entries. 
This means that closed string products are naturally understood as linear maps on symmetrized tensor products of 
closed string states. We denote the symmetrized tensor product with a wedge A. Given string fields $ 1 ,..., in 
the closed string state space "H, their symmetrized tensor product is defined 

$1 A $2 A ... A O $,,(2) O ... O $„(„), (4.1) 

<7 

where the sum is over all permutations a of 1, ...,n and the sign (—1)'^^°’^ is the obvious sign obtained from moving 
the string fields past each other into the order prescribed by a. The commuting/anticommuting property of closed 
string fields is measured by their degree. For a closed string field, the degree is taken to be the same as Grassmann 
parity—not Grassmann parity plus one, as for open string fields. Symmetrized tensor products of n closed string 
states form a basis for and a closed string product is a linear map: 

b„ : ^ n. (4.2) 

We write 

6 „(d>i,..., $„) = 6„($i A ... A d>„), (4.3) 

where on the left and side bn is written as a product and on the right hand side written as an operator on the 
symmetrized tensor product of states. Given two linear maps and Cm,n from and —>■ 

respectively, we define a wedge product, 

bk,i A Cm,u ■■ ^ (4.4) 

as follows: 

bk,l A C™,„(d>i A ...^t+n) = A A $,,(£)) A C™,„(d>^(f+i) A ... A <^a{n+£)), (4.5) 

(T 

where the sum ' is over all permutations cr of 1,..., n + £ which change the inputs of bk^i and Cm,n- (Permutations 
which only move around entries of b^^e and Cm,n produce the same terms, and are only counted once). The sign 
(_l)e('^) is the obvious sign obtained from moving the string fields past each other and Cm,n into the order prescribed 
by a. Given two closed string products bm and c„, we define their commutator 

[6™, C„] = bmicn A I™_l) - ( 4 , 6 ) 

where I„ is the identity operator on "H^". The commutator bracket satisfies the Jacobi identity, and is an 

{m + n — l)-closed-string product. An Lao algebra is defined by a sequence of degree odd closed string products 
dn, n = 1, 2,3,... which satisfy a hierarchy of identities called Lao relations: 

[di, dn] + [d2, dn-i] + ... + [dn-i, ^ 2 ] + [dn, di] =0, n = 1,2, 3,... . (4-7) 

Finally, we will find it convenient to consider symmetrized tensor algebra 

= (4.8) 

We promote an m-closed-string product to coderivation on the symmetrized tensor algebra, which we denote with 

the same symbol in boldface 

bm ^ ^m- 

By definition, acts on the n-string component of the symmetrized tensor algebra as 

hm = b„,A In-m On (4.10) 
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and on it acts as zero. The commutator [bm, c„] promotes to a coderivation which is equal to the commutator 

of coderivations: 

^ (4.11) 

It should be emphasized that, as far as our analysis is concerned, the treatment of open string Aao algebras and closed 
string Loo algebras is nearly identical. The only difference is that open string products and their commutators act 
in the appropriate way on tensor products of open string states, while closed string products and their commutators 
act in the appropriate way on symmetrized tensor products of closed string states. 

Now let us discuss the NS+R equations of motion of the heterotic string. We need two dynamical fields for the 
NS and R sectors: 

$N G "Hn, ^'r € Hr, (4.12) 

where Hn and Hr are the Neveu-Schwarz and Ramond state spaces of a heterotic string. For the heterotic string, 
superconformal ghosts and picture only inhabit the left-moving sector. The NS field should be degree even (and 
Grassmann even), ghost number 2, and picture number —1. The Ramond field should be degree even (and 
Grassmann even), ghost number 2, and picture number —1/2. With the requisite GSO projection, the Ramond field 
is a linear combination of Grassmann odd states with Grassmann odd coefficients. We define a composite heterotic 
string field 

$ = - 1 - g H = Hn © Hr. (4.13) 

This must satisfy the usual bg and level matching constraints: 

bo^ = 0, Lq-I* = 0, (4.14) 

where b^ = b^ — bo and Lq = Lq — Lq is the difference between left and right-moving zero modes. The NS+R 
equations of motion of the heterotic string take the form 

0 = (5$ + L 2 ($, $) + L 3 ($, $) + higher orders, (4.15) 

where Li = Q and L„+i, n = 0,1, 2, ... are composite closed string products with appropriately multiply NS and R 
states. We require that they are compatible with the bg and Lq constraints, 

bg Ln+I = 0, Lq Ln+l = 0, (4.16) 


satisfy Loo relations, live in the small Hilbert space. 

The composite products can be written as a sum of products of definite Ramond and picture number 


L 


n+1 


= l; 


,+l|0+.t^„+l |2 


r (n—2) I 

^n+1 I 


(4.17) 


where the sum terminates when the Ramond number exceeds the number of inputs. The Ramond number and 
picture number are correlated so that the NS part of the equations of motion has picture —1 and the R part of the 
equations of motion has picture —1/2. We want to build these products by inserting picture changing operators on 
a set of elementary products of odd degree at picture zero: 


4°^ = Q, 


L. 


(0) 


+ 0 ) 


L 


(0) 


(4.18) 


which we assume are compatible with the 6 q and Lq constraints, 

bQL% = 0, LqL^^I, = 0, (4.19) 

live in the small Hilbert space, and satisfy L^o relations. The most natural definition of the elementary products 
would derive from the polyhedral vertices of Saadi and Zwiebach |19| . but for our purposes it will not matter how 
they are chosen. 

The procedure for constructing the products is exactly like for the open string with stubs. We introduce a list 
of products and gauge products: 

products: degree odd, 

gauge products : >^d+plr+ 2 \ 2 r, degree even, (4.20) 
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for d,p,r > 0. They are defined recursively following figure [XT] using the equations 


I ^ + ^ r(p) I _r(p) I (p ATT 

^(i+p+r+ 2 l 2 r- — \^S 0 ^c!+p+r +2 12i- ^d+p+r +2 12r-Uo A ^d+p+r+l) J , 

- p d r 

r(p+l) I _ ^ rr(p') I \(p-p' + i) I 1 

^d+p+r+ 2 \‘^r — Z_^ Z_^ L^^d'+p'+r' + l 12r') ^d+p+r-d'-p'-r '+2 12(r-r') J 

^ p'=0d'=0r'=0 


Note that the first equation uses the ^ zero mode 



dz 1 
2Tri z 


i{z)- 


(4.21) 

(4.22) 


(4.23) 


rather than an arbitrary operator built from ^ as is possible for the open string. This guarantees that all products 
generated in the recursion are compatible with the Bq and Lq constraints. The proof that the resulting composite 
products Ln+i are in the small Hilbert space and satisfy Loo relations is identical to that of the previous section. 


5 Ramond Sectors of Type II Closed Superstring 

Now we discuss the equations of motion for type II closed superstring field theory. For type II closed superstrings, 
superconformal ghosts appear in both the holomorphic and antiholomorphic sectors. Therefore, string fields and 
closed string products will have two respective picture numbers, which we call left- or right-moving picture number. 
We need four dynamical closed string fields in the small Hilbert space, with respective left-/right-moving pictures: 


<i>NN € "HnN, 

picture 

(-1,-1), 

(5.1) 

4'nr G "Hnr, 

picture 

(-l,-l/2), 

(5.2) 

4'rn G "Hrn, 

picture 

(-1/2,-!), 

(5.3) 

‘hRR s 77 RR, 

picture 

(-1/2,-1/2). 

(5.4) 


Here "Hnn is the NS-NS state space, "Hnr is the NS-R state space, Hkn is the R-NS state space, and 'Hrr is the R-R 
state space. All four string fields are degree even (and Grassmann even), ghost number 2, and satisfy the 6 q and 
level-matching constraints. The NS-NS and R-R string fields represent bosons, and are given as a linear combination 
of Grassmann even states with commuting coefficients. The NS-R and R-NS string fields represent fermions, and 
are given as a linear combination of Grassmann odd states with anti-commuting (Grassmann odd) coefficients. 
To be consistent with the Grassmann parity of the string field, we have to appropriately fix the Grassmannality 
of the Ramond ground states in type HA and type HB string theory. Using a bar to denote antiholomorphic or 
right-moving operators/quantities, we assume 

= Grassmann even, 

= Grassmann even, (5.5) 


where in type HB both holomorphic and antiholomorphic spinors have positive chirality, and in type HA the 
holomorphic spinor has positive chirality and the antiholomorphic spinor has negative chirality. To construct the 
equations of motion we insert picture changing operators on a set of elementary products of odd degree at left- and 
right-moving picture zero: 


r(o>o)=n r(O’O) .(o.o) .(o.o) 

_ '‘V 5 “^2 ^ ^ ^^4 5 


(5.6) 


We assume that these products satisfy Lqo relations, are compatible with the 6 q and Lq constraints, and are in 
the small Hilbert space, meaning that they are separately annihilated by the left- and right-moving rj zero modes: 




^n +1 . 


= 0 , 


^ r.(O'O) 

n+1 


[v 


L/T/] = 0. 


(5.7) 


As in the heterotic string, we can take these products to be defined by the polyhedral closed string vertices of Saadi 
and Zwiebach. The construction of the equations of motion requires the definition of many products at intermediate 
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Ramond and picture numbers. We will indicate the number of inputs, the left-/right-moving picture number, and 
the left-/right-moving Ramond number of products through indices as follows: 


L 


- left-moving picture number 

— right-moving picture number 

(p,p) I 

AT+l \2r,2r- 

—right-moving Ramond number 
'—left-moving Ramond number 
number of inputs 


(5.8) 


Left-moving Ramond number is defined as the number of holomorphic Ramond inputs minus the number of holo- 
morphic Ramond outputs, and right-moving Ramond number is defined as the number of anti-holomorphic Ramond 


inputs minus anti-holomorphic Ramond outputs. 

Let us write the equations of motion explicitly out to second order: 

0 = Q<i>NN + ‘I’Nn) + 'f'NR.) 

^'rn) + ®Rr) + higher orders, (5.9) 

0 = Q^'nr + 2L^°’^^(5'rn,$rr) + higher orders, (5.10) 

0 = Q^'rn -h 2 L^^’^^($nn,^rn) -h2L^^’°^(5'NR,$RR) -f higher orders, (5.11) 

0 = Q^'rr + 2L^^’^^($nn,$rr) + -H higher orders. (5.12) 


The factors of 2 in the last three equations arise from the fact that the fields can appear in either order in the 
2-product. Note that the picture numbers of the products are fixed consistently with the picture of the linear terms. 
The products and can be taken from [2] and are defined: 

4'’^)(Ai,^ 2) = ^(XoZo4°’°^(Ai,^2)+^o4°’°^(^odll,A2)+Xo4°’°^(Ai,XoA2) 
Zo4°’°)(XoAi,A 2) +4°’°^(^0^0dll, ^ 2 ) +4°’°H^0^1,^0dl2) 

Xo4°’°^ (^1 > ^odl2) + XoLf (Xo^i, Xo A 2 ) + , XoXo A 2 )), (5.13) 

l4°)(Ai,^ 2) = i(Xo4°’°^(Ai,A2)+4°’°^(Xodli,A2) + 4°’°^(Ai,Xo^2)), (5.14) 

L^°’^\a,,A2) = i(Zo4°’°^(Ai,A2) + 4°’°)(ZoAi,A2) + 4°’°^(Ai,Xo2l2)), (5.15) 


where 

= [Qj'Co], -^0 = [< 3 ,?o]> 

and ^0 and are the holomorphic and antiholomorphic ^ zero modes: 


eo = 


dz ^(z) 
Iz|=i 2Tri z 


Co — 


dz ^(z) 
|z|=i 27 ri z 


These products are the natural closed superstring counterparts of (3.61. 
Let us introduce the composite string field 


$ = <i)NN + 'I'nr + 'I'rn + ‘i>RR e H. 


(5.16) 


(5.17) 


(5.18) 


We can write the equations of motion in the form 

0 = (5$ -I- L 2 {^, $) -|- L 3 ($, $) -I- higher orders, (5.19) 

where L^+i are composite products of odd degree which appropriately multiply the four sectors of states. We require 
that the composite products satisfy L^o relations and are in the small Hilbert space. The composite products can 
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be decomposed into a sum of products with definite left- and right-moving Ramond and picture numbers: 


L. 


n+l 


= L 
+L. 
+L. 


(n,n), 
n+l l0,0 

(n —l,n) I 
n+l 

(n—2,n) I 
n+l 


7-(n,n-l) 

-^n+1 


|0,2 


r- (n,n—2) I 
^n+1 


|0,4 


| 2,0 


r (n—l,n—1) 
^n +1 


2,2 + 


|4,0 


(5.20) 


where the double sum terminates when the left- or right-moving Ramond number exceeds the number of inputs. The 
left/right Ramond and picture numbers of the products are correlated so that the NS-NS part of the equations of 
motion has picture (—1, —1), the NS-R part of the equations of motion has picture (—1, —1/2), the R-NS part of the 
equations of motion has picture (—1/2, —1), and the R-R part of the equations of motion has picture (—1/2, —1/2). 
For example, at the first few orders the composite products take the form 


Li = Q, 


7-(41) 

^2 

0,0 

-h 

r(l.O) 

0,2 





2,0 

-h 

7 -(0,0) 
^2 

2,2 

5 



r(2.2) 

0,0 

-h 

r(2.1) 

A3 

0,2 




+L<«> 

2,0 

-h 

A3 

2,2 

5 



7-(3,3) 
^4 

0,0 

-h 

r(3.2) 

A4 

0,2 

-h 


0,4 


2,0 

-h 

,-(2,2) 

A4 

2,2 

-h 

r(2.1) 

A4 

2,4 

+l7“> 

4,0 

-h 

,-(1,2) 

A4 

4,2 

-h 

r(l,l) 

A4 

4,4 


(5.21) 


The products of L 2 were described in the previous paragraph. Nevertheless, let us explain how to “construct” them 
in a way that generalizes to higher orders. The product T 2 °’°^| 2.2 does not need to be constructed; it is already 
provided by the elementary 2-product acting on two R-R states: 

1 2,2 = given. (5.22) 

The products T 2 ^’°^|o ,2 and L 2 ^’°^|o ,2 can be derived by climbing “ladders” 


1 -2°’°^ 1 0.2 = given, (5.23) 

A^°i.2 = ^ I0.2 + if |o.2(eo A I)), (5.24) 

4'’°^Io.2 = [Q,A^°4.2], (5.25) 

and 

i2°’°4.o = given, (5.26) 

4°’'^ I2.0 = ^ (?o 4 °’° 4 .o + |2.o(+ A I)) , (5.27) 

= [Q,A2°’'4.o]. (5.28) 


The products denoted with A and A will be called left and right gauge products, respectively. Following [5], L 


(14)1 


10,0 
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/ \ 

-^2**'°'lo,0 ® 10,0 



Figure 5.1: Diagram showing the construction of the 2-products of type II closed superstring field theory. Products 
shaded in grey appear in the equations of motion, and the elementary products at picture zero are boxed. Arrows 
pointing to the left indicate the construction of a left gauge product out of the product at the source of the arrow, 
which then feeds into the definition of the product at the target of the arrow. Arrows pointing to the right indicate 
the construction of a right gauge product out of the product at the source of the arrow, which then feeds into the 
definition of the product at the target of the arrow. 


can be constructed as followsS 


'^2 |0,0 
(1.0) 




-( 0 , 0 ), 


0^2 




| 0,0 


i(l.l) 


|o ,0 — -^(^^ 0^2 


( 1 . 0 ), 


lo.o 


L. 


(0,0) 


0,0 = given. 


(0,0) 


( 1 . 0 ) 


o,o(^o A I 


o,o(^o A I) 


-( 1 . 1 ) 


w(0,l)| 

^2 l 0,0 

-( 0 . 1 ), 




1 
3 


0-^2 


( 0 . 0 ), 


lo,o 


-^ 2 "'’^'’lo.o — [Q, A 2 ’ ^lo.o] , 


t(1.1)| 


lo.o 


1 
3 


:(s 


0 -^ 2 °’^^ lo.o 


0,0 — 2 [Q> 


(1.1)1 \ A) I ] 

2 lo.o + A2 lo.oj 


-( 0 . 0 ) 


(0.1) 


o,o(Co A I 

o,o(?o A I 


(5.29) 

(5.30) 

(5.31) 

(5.32) 

(5.33) 


Note that the procedure splits into two independent threads. This is the first indication that the recursion defining 
the products is effectively 2 -dimensional, reflecting the need to insert picture in both the left- and right-moving 
sectors. We illustrate the construction of 2-string products diagrammatically in figure [5T| In particular, the above 
construction of L^^’^^jo.o corresponds to filling a “diamond” of products of intermediate left- and right-moving 
picture number. 

Proceeding to the next order, the construction of 3-string products is illustrated in figure |5.2| This requires 
filling two “diamonds” to construct and T 3 ^’^^| 2 , 2 , and two “prisms” to construct T 3 ^’^^|o ,2 and T 3 ^’^^| 2 .o- 

To emphasize the pattern, we also illustrate the construction of 4-string products in figure [STSl The explicit formulas 
that go along with these diagrams are easiest to motivate by proceeding directly to the differential equations for 
the generating functions. We start with a list of all required products and left/right gauge products: 


products: T^+l|2r,2r, 

left gauge products : | 2 r, 2 r, 

right gauge products : ^^N+ 2 ^\ 2 r, 2 r, (5.34) 

^Our approach generalizes the symmetric construction of the NS-NS sector described in [2]. The generalization of the asymmetric 
construction appears to be less direct and we did not consider it. 
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Figure 5.2: 


Diagram showing the construction of the 3-products of type II closed superstring field theory. 


The integers N, p, r, p, r take the respective ranges 


T (P^P) 

|2r,2r ^ 

N>0-, 

0 < r < N, 

0 <f < N, 

0<p<N— 

0<p<N— 

r 

r’ 

(P+1,P) 

'iV+2 

|2r,2r ■ 

iV > 0; 

0 < r < N, 

0 <r < N + 1, 

0<p<N— 

0<p<N— 

r 

f + r 

-(P,P+1) 

'iV+2 

|2r,2r '■ 

iV > 0; 

0<r < N + 1, 

0 <f < N, 

0<p<N— 
0 <p < N — 

r + 1 

r 


(5.35) 


The allowed range of r and f is generous, as some products and left/right gauge products listed above vanish 
because the left- or right-moving Ramond number exceeds the number of inputs. Ignoring products which vanish, 
one can double check that this list maps onto the diagrams of figures 5.1||5.3 (note that left and right arrows 
represent left and right gauge products, respectively). In defining the generating functions, at first one might guess 
that we need six parameters and u,u, counting left/right picture deficit, left/right picture, and left/right 

Ramond number, respectively. This is almost correct, but would be over-counting since the products only have five 
integer labels. This is a consequence of the fact that the left/right picture deficits, picture and Ramond numbers 
are not all independent: they are constrained by the fact that the rank of multiplication in the holomorphic and 
antiholomorphic sectors is the same. The correct way to deal with this is to identify t = t, so the generating 
functions depend on only five parameters s,s,t,u,u. Promoting the products and left/right gauge products to 
coderivations on the symmetrized tensor algebra, we therefore define generating functions 


L(s, s, t, rt, u) 

OO OO 

= E E 

(DO 

(5.36) 


d,p,r—0 

d,p,r—0 


A(s, s, t, rt, u) 

OO OO 

= E E 

OO 

(5.37) 


d,p,r—0 

d,p,r—0 


A(s, s, t, rt, u) 

OO OO 

= E E 

OO 

Y (s‘^s")(t"+^)(«’'r )^d+p+,=vr+i5a+p+,=^AE^^'^|2..2^. 

(5.38) 


N=0 d,p,r=0 d,p,r=0 


We have inserted Kronecker deltas into the sums to enforce the appropriate relation between left/right picture 
deficit, picture and Ramond number and the number of inputs in the product. 

Based on our results for the open string, it is natural to guess that the generating functions should satisfy the 
same set of differential equations which determine the products of the NS-NS sector [5] with extra parameters u,u 
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Figure 5.3: Diagram showing the construction of the 4-products of type II closed superstring field theory. 


that go along for the ride. In particular we should have 

d _ _ _ _ 

—h{s,s,t,u,u) = [L(s, s, t, u, u), A(s, s, t, u, u) + A(s, s, t, u, u)], (5.39) 

A(s, s, t, u, u) = ^0 ° s, t, u, u), A(s, s, t, u, u) = o —L(s, s, t, u, u). (5.40) 

as os 

Here the operation is defined by its action on an n-closed string product 

Co o ^ A I„-i)). (5.41) 

This defines a homotopy operator for the coderivation rj: 

h,Coob]-H^oo[Ti,b] =b. (5.42) 

The same equations hold for ^qO with and t) replaced with and the coderivation for the right moving eta zero 
mode rj". Next, we claim that at t = 0 the generating function for products is nilpotent: 

[L(s, s, 0, u, u), L(s, s, 0, u, u)] = 0. (5.43) 

Expanding in powers of s, s, u, u, this equation is equivalent to 

N 

'^[Ln+l\‘2r',2r',L^N-n+l\2{r-r'),2{f-r')\=^^ (5.44) 

n=0 r'eSn 


where the sets Sn and Sn defining the summations over r' and r' are characterized by the conditions 

r' G Sn ^ 0 < r', r — N + n < r', r < n, r' <r, 

r' G Sn ^ 0 < f', f — N + n <f\ r' <n, f' <f. 


To prove (5.44), note that we can expand the range of summation on the left hand side 

N N r r 

y^ y^ y] [^iTl |2r'.2r',Tj^l!?i+ll2(r-r'),2(r-r')] = y] y] y^ [Ln+lW' ,2r', L^'^n+lWr-r') qjr-r')], 
n=0 r'GSn r'^'Sn n—0 r'—O r'—O 


(5.45) 

(5.46) 


(5.47) 
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since the additional terms all vanish on account of the fact that the left- or right-moving Ramond number of one 
of the products in the commutator exceeds the number of inputs. The sum over r',r' now reproduces the 2r, 2r 
projection of the {N -|- l)st Loo relation for the elementary products, which gives zero: 


N 


do.o). 


(0,0) 


E E E {^n+l \2r' ,2r' j -l^N-n +1 

n=0 r'eSn 


N 

_ _ 1 _ V^rr(O.O) ^(0,0) 1, 

2{r-r'),2{r-r')\ — / d^n-H i'^Af-ra-ni 12r,2r) 
n—0 

= 0 . 


(5.48) 


This proves (5.431. Next note that 


d 


^[L(s,s,t ,u,u), L(s, s, t, u, u)] = [[L(s, s, t, u, zi), L(s, s, t,u,u)],X{s, s,t,u,u) -I- A(s, s, t, u, u)]. (5.49) 


Since this equation is homogeneous in [L(s, s, t, zt, u), L(s, s, t, u, w)], which vanishes at t = 0 as just demonstrated, 
we conclude 

[L(s, s, t, zt, zt), L(s, s, t, u, zZ)] = 0. 

Since the elementary products are in the small Hilbert space, we have 


[t), L(s, s, 0, ZZ, zt)] = 0, [t|, L(s, s, 0, zt, zt)] = 0. 

[t|, L(s, s, t, zt, zz)] = [ri, [L(s, s, t, zt, zt), A(s, s, t, zt, zt) -|- A(s, s, t, zt, zz)]]. 


(5.50) 

(5.51) 


Next consider 

dt 


= [[t|, L(s, s, t, zt, zz)], A(s, s, t, zz, zt) -I- A(s, s, t, zz, zt)] — [L(s, s, t, zz, zt), [t|, A(s, s, t, zt, zz) 
-[L{s,s,t,u,u), [ri,A(s,s,t,zz,zz)]], 


= [[t|, L(s, s, t, zt, zz)], A(s, s, t, zz, zt) -I- A(s, s, t, u, zt)] — 


_ d 

L(s, s, t, zt, zt), —L(s, s, t, zt, zz) 
os 


+ 


d 

L(s,s,t,zt,zz),^o o ^h,L(s,s,i,M,w)] 


L(s,s,t, zz,zi),^o o — [T|,L(s,s,t,zz,zz)] 

__ia 

= [[Ti,L(s,s,t,zz,zz)],A(s, s,t,zz,zz) -h A(s, s,t,zz,zz)] - - — [L(s, s, t, zz, zz), L(s, s, t, zz, zz)] 

Z OS 


+ 


L(s, s,t,zz,zz),^0 o ^h,L(s,s,t,zz,zz)] 


L(s,s,t,zz,zz),5o o — [T|,L(s,s,t,zz,zz)] 


= [[t|, L(s, s, t, zz, Zi)], A(s, s, t, zt, zz) -I- A(s, s, t, zz, zz)] 


L(s,s,t,zz, zz),^o o — [ti,L(s, s,t,zz,zi)] 


-h 


_ - d 

L(s,s,t,zz,zz),^o o — [ri,L(s,s,t,zz,zz)] 


Since this equation is homogeneous in [t|, L(s, s, t, zz, zz)], which vanishes at t = 0, we conclude 

[ri,L(s,s,t,zz,zz)] = 0, 

and by a similar argument 

[iT,L(s,s,t,zz,zz)] = 0. 

Consider the coderivation representing the composite products which appear in the equations of motion: 


The above results imply that 


L — Ln-i-i — L(0, 0,1,1,1). 

n—0 

[il,L] = 0, [f|,L]=0, [L,L]=0, 


(5.52) 

(5.53) 

(5.54) 

(5.55) 

(5.56) 
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which says that the composite products are in the small Hilbert space and satisfy Loo relations. Finally, we can find 


the recursive equations for the products and left/right gauge products by expanding (5.39) and (5.40) in powers of 


s, s, t, u, u: 


A 


(p+i.p)i 
jVH-2 |2r,2r 


N — p — r + 1 




0^7V+2l2r.2r — 12 r. 2 r (Co A Iat+i) 


- (P,P) I 


y(p,p+i)| 

‘^N-\-2 |2r,2r 


- (p.p) I 
^Ar+ 2 l 2 r, 2 r 


N + 3 
N-p-r + lf- (p,p) 


iV + 3 


(Co^iv+2l2r,2r “ L^:^2 |2T-,2r (Co A Iat+i)^, 


(5.57) 

(5.58) 


\n^0 {p\r')GAr^ 


N 


+E E E_iA’';f’b.'.2r,Arryy'b(.-..),.(,-r,i|. 

n =0 {p',r')^B„ {p',r')^B„ 


y(p-p'.p-p') I 


(5.59) 


The sums in the last equation are over all values of p' ,r' and p' ,r' such that the products and left/right gauge 
products in the commutators have admissible left- and right-moving Ramond and picture numbers, as defined by 
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This completes the definition of the equations of motion of type II closed superstring field theory. 


6 Supersymmetry 


Now that we have equations of motion including all NS and R sectors, it is interesting to understand in what 
sense they are supersymmetric. Here we will limit our discussion to the open superstring using Witten’s associative 
star product, leaving generalizations to future work. For heterotic and type H closed superstrings, spacetime 
supersymmetry can be described in a different way as part of the gauge symmetry at the interacting level [7] . For 
other discussions of supersymmetry in open string field theory, see [llIi[5D]. 

We will work with open string field theory on a BPS D-brane with sixteen supersymmetries. As described in [3], 
the simplest way to realize a supersymmetry transformation is by integrating the zero-momentum fermion vertex 
in the —1/2 picture: 



— 0 - 
2m " 


=,-0/2 




( 6 . 1 ) 


where the index on si indicates that this operator is a 1-string product. The object eg is the supersymmetry 
parameter—a constant Grassmann odd spinor. To keep the notation simple, we leave the dependence of Si on the 
supersymmetry parameter implicit. We make a GSO(-f) projection in both NS and R sectors, so the supersymmetry 
parameter must have positive chirality. Then, following the Grassmann assignments in sectionj^ the supersymmetry 
operator Si will be Grassmann even (and degree even)j^ It is natural to identify the linearized supersymmetry 
transformation of the NS field as 


i5<i)N = Si'I'r. 


( 6 . 2 ) 


^’^The factor \/2 is inserted to obtain the canonical normalization of the supersymmetry algebra. 
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Likewise, the linearized supersymmetry transformation of the R held should be proportional to the NS held. How¬ 
ever, to get the pictures to line up we need a supersymmetry operator of picture -1-1/2. This can be dehned by 
integrating the zero momentum fermion vertex at picture -1-1/2: 


5i 



2ni 


e^/2(z)r^, _.+ 6r,0«-e' 


30/2 



(6.3) 


where are 10 dimensional gamma matrices. This operator is also Grassmann even. The linearized supersym¬ 
metry transformation of the Ramond held will therefore be 


= S'i$N. (6-4) 

We can write both supersymmetry transformations in a single equation using the composite string held <i> = $n + 'I'r 

(5$ = 5i$, (6.5) 

where 

= iSil-i-I-Sill, (6-6) 

with the indicated Ramond projections of Si and Si. Now the question is how this supersymmetry generalizes to 
the nonlinear theory. 

Before we get to this, however, let us mention a few essential properties of Si and ^i. Both operators are in the 
small Hilbert space and BRST invariant 


[»?> si] = [ 77 , S'!] = 0, (6.7) 

[Q,si] = [Q,5i] =0. (6.8) 

This is in fact necessary for the supersymmetry transformation to be a symmetry of the linearized equations of 
motion. Moreover, since both operators are zero modes of weight one primary helds, they are derivations of Witten’s 
open string star product: 

[si, m 2 ] = [^i, m 2 ] = 0. (6.9) 

It will also be useful to introduce a Grassmann odd supersymmetry operator in the large Hilbert space: 

ai = V2(f ^^Qse~'^^^{z)eg. ( 6 . 10 ) 

j\z\=i zm 

This operator satishes 

Si = [Q,ail ( 6 . 11 ) 

si = [n,cri]. ( 6 . 12 ) 

and is also a derivation of the star product. Note the relationship between the supersymmetry operators Si, cti and 
Si is somewhat analogous to the relation between the products M 2 ,/i 2 , and m 2 . 


6.1 Perturbative Construction of Supersymmetry Transformation 


In this subsection we give a perturbative construction of the supersymmetry transformation. It turns out that 
the final form of the supersymmetry transformation is easiest to understand in a different set of field variables. 


described in the next subsection, and some readers may wish to skip ahead. (See, in particular, equation (6.90l) 


The following derivation, however, has the advantage that it likely generalizes to supersymmetry transformations 
in other forms of superstring field theory. 

Our task is to find a sequence of degree even products in the small Hilbert space. 


Si, S 2 , S 3 , ... , 

so that the supersymmetry transformation can be written 

= iSi^ -I- 52($, $) -I- *S 3 ($, $, l>) -I- higher orders. 


(6.13) 

(6.14) 
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Let us explain what it means for this transformation to be a symmetry. Consider a pair of coderivations M and S 
representing the products in the equations of motion and supersymmetry transformation: 


M = 

n—0 

oo 

S = ^S„+1, 


(6.15) 

(6.16) 


n—0 


where Mn+i and related products in the equations of motion are taken from section]^ We also introduce a group-like 
elemenlF^ 

= . (6.17) 


1 - $ 

The equations of motion and the supersymmetry transformation can be expressed in the form: 


= 0 , 

1 - $ 


1 - $ 1 - $ 


(6.18) 


We claim that the products generate a symmetry if 

[M,S]=0. (6.19) 

To see this, suppose $ is a solution to the equations of motion. Then calculate the equations of motion on the 
transformed string field $ 5$: 

M ( I =MS^^ = =0. (6.20) 

Vl- $!-$/ l-$ l-$ 


Therefore the transformation is a symmetry. Note that the condition [M, S] = 0 is somewhat stronger than the 
statement that the transformation maps solutions into solutions. It places a nontrivial condition on the off-shell 
form of the supersymmetry transformation. In fact, (6.19) is the nearest we can come to the statement that the 
transformation is a symmetry of the action—all that is missing is a symplectic structure which would allow us to 
define an acti on an d impose cyclicity. 

Equation (6.19) implies that the products S'n-i-i satisfy a hierarchy of identities: 


[Ml, 5ra+i] + [M 2 , Sn] + ... + [M„_|_i, 5i] — 0, n — 0,1, 2,... 


where Mi = Q. We have already discussed ^i which appears in (6.6), and it provides a solution to 

[Q,5i] = 0. 

The next step is to derive the 2-product S 2 from the identity 

[Q,^2] + [M2,^i] =0. 


( 6 . 21 ) 


( 6 . 22 ) 


(6.23) 


Since S 2 is part of a supersymmetry transformation, it can be split into a sum of products with odd Ramond 
number: 

*§2 = <S'2|-i-b S 2 I 1 . (6.24) 


Equation (6.23) breaks up into two independent equations at Ramond number —1 and 1: 

0= [Q,52|-i]+ [M2|o,^i|-i], 

0 = [Q,S2|i] + [M2|o,Si|i] + [TO 2 I 2 ,‘S'll-l] ■ 


(6.25) 

(6.26) 


To solve the first equation, we can pull a Q out of either M 2 or ^i. The solution we prefer is to pull a Q out of M 2 , 
obtaining 

5'2|-i = [S'll-i,/r2|o] ■ (6.27) 


^^See [ 9 ] for more detailed discussion of coderivations, cohomomorphisms, and group-like elements. 
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We can check that this is in the small Hilbert space: 


[v,S2\-i] = [S'i|-i,m2|o] = [S'i,m2]|_i = 0, 


(6.28) 


where we used conservation of Ramond number and the fact that Si is a derivation o f m?. To solve for the Ramond 
number 1 component of S 2 , we pull a Q in the natural way out of the two terms in (6.26) 


■S2I1 — [si|l,/i 2 |o] + [W2I2, Cil-i] . 

It turns out to be convenient to introduce separate symbols for these two terms: 

= [sill) A^2 |o] ) 

= [m 2 | 2 ,cri|-l]- 

Check that this is in the small Hilbert space: 

[? 7 ,S 2 |i] = [si|l,W2|o] - [m2|2,Si|_i], 

= [si,?7l2]|l, 

= 0 , 


(6.29) 

(6.30) 

(6.31) 


(6.32) 


where we used conservation of Ramond number and the fact that Si is a derivation of m 2 - This completes the 
definition of the 2 -product S 2 in the supersymmetry transformation. 

To establish a pattern it is helpful to continue on to the 3-product S 3 , which must satisfy 


[Q, 83 ] +[M 2 , 82 ] +[M 3 , Si] = 0. 

Let us look at the component of this equation at Ramond number 3: 

+ [to 2 | 2 ,S 2 |i] + [w 3 | 2 ,Sl|l] = 0 . 

Substituting (6.29) for S 2 I 1 and ( 2.72[ ) for 771^2) 

0 = [QjiSala] -|- [m. 2 | 2 , [si|l,^ 2 |o]] + [™ 2 | 2 , [w 2 | 2 ,cri|_i]] -I- [[TO 2 I 2 , A^ 2 |o] 1 Sl|l] ) 
= [Q,53|3], 


(6.33) 


(6.34) 


(6.35) 


where the additional terms either cancel or vanish identically because the Ramond number exceeds the number of 
inputs. From this we conclude that the Ramond number 3 component of S 3 can be set to zero. Therefore S 3 must 
be a sum of products at Ramond number —1 and 1 


S 3 — S'sl-i -I- S 3 I 1 , 


(6.36) 


just like Si and 82 - Let’s look at the Ramond number —1 component of the identity (6.33): 

0 = [( 3 , 5 ' 3 |_i] -I- [M2I0, *S'2|-l] + [M3I0, S'!]-!] , 

= [Qi5 '3 |_i] -I- [M2I0, *S'2|-l] + 2 [[QiMsIo] + [-^2|o, M2I0] , , 

= [Qi 5 ' 3 |_i] -I- - [Q, [^sIo, 'S'll-l]] + [AL2I0, 'S'2|-l] — 2 [-^2|o, 'S'2|-l] + 2 [[-^2|o) , ^2|o] 5 

= [Qi5 '3 |_i] -I- -j[Q, [msIo, S'll-l]] + 2 [-^2|o) S2I-1] -I- - [[Q, S2I-1], ^2|o] 5 
= Q,S3|_i — -^[Si|_i,^3|o] + [S2I-I,/I2I0]) 

This suggests we identify 


S3I-I — 2 ([‘^ll-l’A^slo] + [S2|-l,Ai2|o]y 


(6.37) 


(6.38) 
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Check that this is in the small Hilbert space: 


[r 7 ,S' 3 |_i] = i(^[S'i|_i,m 3 |o] + [ 521 - 1 , m 2 |o]), 

= [”^ 2 |o,M 2 I 0 ]] + [ 52 I- 1 , m 2 |o]) , 

= ^(["l2|o,52|-l] + [52|-l,m2|o]), 

= 0. (6.39) 


Finally, let’s look at the Ramond number 1 component of (|6.33 1: 


0 — [Q,S3|i] + [M 2 |o,S 2 |i] + [m2|2,52|_l] + [M3 |o,Si|i] + [m 3 | 2 , 5i|_i] , 

= [QjSsIi] + [-^2|o) S2^^|l] + [.^alojSlIl] + [M2 |o,S2^^^|i] + [m2|2,52|-l] + [m3|2, 5i|_i] , 

= [Qj S 3 I 1 ] + [-^2|o, s® |i] + 2 [[*5j Malo] ) Sill] + 2 [[-^2|o, A^2|o] , si|i] , 

+ [-^ 2 |oj S 2 ^^^|l] + [m 2 | 2 , [5i|_i, ^ 2 |o]] + [["I 2 I 2 , A^ 2 |o] ) 5i|_i] , 

= [Qj S 3 I 1 ] + [M 2 I 0 , S 2 ^^|i] + 2 [Q’ [MsIoj Sill]] — 2 [-^^ 2 |o> S® |l] + - [[M 2 I 0 , Sill] , ^ 2 |o] ) 


+ [M 2 |o, S 2 ^^^|i] + [[TO 2 I 2 , 5i|_i],/r 2 |o], 


— [Q; S 3 I 1 ] + - [Q, [^sIo, Sill]] + 2 [-^ 2 |o, S® |l] — 2 [[*5: S® |l] , ^ 2 |o] , 


+ [M2|o, Sp^ll] — [[Q,S2^^^|i],/l2|o] 
Qi S 3 I 1 — - ^[si|l, /I 3 I 0 ] + [s®|l 


- [s 2 ”^|l,/l 2 |o] 


(6.40) 


Therefore we can identify 

S 3 I 1 = s^^^li+4”^|i, (6.41) 

with 

= 2 (['®ili’/^3lo] + [s 2 ^ 4 :M 2 |o]), (6.42) 

s^^li = [sP^|i,Ai 2 |o]- (6.43) 

Thus we see a pattern where the supersymmetry product at Ramond number 1 breaks up into a product denoted 
with (I) and a product denoted with (II), each determined by independent recursions. Let us check that S 3 I 1 is in 
the small Hilbert space: 


[^>S 3 |i] = ^([si|l,m 3 |o] + [s^^^|i,TO2|o] + [[si|l,m2|o],M2|o]) + [s 2 " 4 >"i 2 |o] - [[m2|2,Sl|_l],/l2|o], 

= [[si|i, m 2 |o],/ 12 I 0 ] + [[m 2 | 2 , CTil-i], m 2 |o] — [[m 2 | 2 , si|_i], ^ 2 |o] > 

= [[si,m 2 ]|i,Ai 2 |o] - ^[[m 2 ,m 2 ]| 2 ,cri|-i] + [m 2 | 2 , [cti, m 2 ]|-i], 

= 0. (6.44) 


This completes the definition of the 3-product S 3 in the supersymmetry transformation. 

Now we can guess the form of the supersymmetry transformation at higher orders. The (n -I- l)st product can 
be written 

5ra+i = 5„+i|_i-I-s„+i|i. (6.45) 

Components with higher Ramond number can be set to zero. In addition, Sn+ 2 |i can be written as a sum 

Sn+2 11 = si42 11 + 51+2 11 ■ (6-46) 
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The products are determined recursively by the equations, 


3n+2|-l — 


^ ^ [<5'fe+l|-l, /in-fc+2|o] j 


k=0 


s® h 

*n+2ll 


*n+3ll 


1 


n + 1 


[si,+iii,/i„-fc+2io], 


k=0 


1 


n + l 


[si,y2ll)Mn-fc+2|o], 


(6.47) 

(6.48) 

(6.49) 


fe =0 


starting from S'!]-! in (6.3), = si|i in (6.1), and = [m 2 | 2 , cri|_i]. Now let’s prove that these products 

have the required properties. We promote the products to coderivations and define generating functions 


s(t) = ^rs 


n+l|-l, 


n—0 




n—O 




(6.50) 


n—0 


Using the generating function of the gauge products ( |2.91[ ), the recursive equations (6.47)-(6.49) can be reexpressed 

(6.51) 

(6.52) 

(6.53) 


— Sit) = [S(t),p(t)], 
ys(^)(t) = [sW(t),p(t)], 


|sm(f) = [sm(t),p(t)]. 

The generating functions for the products in the equations of motion and supersymmetry transformation take the 
form 

M(t) = M(t) + tm'it), S{t) = S(t) + 


The differential equations for the generating functions imply a set of equations: 

y[M(t),S(f)] = [[M(t),S(t)],p(f)] + [m'(t),S(f)] + [M(t),sm(t)], 
y ([m'(t),S(t)] + [M(t),s(“)(t)]) = [[m'(t),S(f)] + [M(t), s(^^)(t)], p(f)] + 2[m'(t), (f)], 

^[m'(t),sP^)(f)] = [[m'(t),s(")(t)],p(t)]. 

Start with the last equation. Note that [m'(0), s(^^)(0)] vanishes because 

[m2|2,s^”y] = [TO2I2, N2|2 ,CTi|_i]] = 0 . 

The last equation then implies 

[m'(t), s^^^^(t)] = 0. 


(6.54) 

(6.55) 

(6.56) 

(6.57) 

(6.58) 

(6.59) 


The next to last equation (6.56) is now homogeneous in [m'(t), S(t)] + [M(t), (t)]. We know that [m'(0),S(0)] + 

[M(0),s(^^)(0)] = 0 because 

[to2|2,5'i|-i] + [<5, [m2|2,o-i|-i]] = 0. (6.60) 


Therefore (6.56) implies 


[m'(t),S(t)] + [M(<),s(")(t)] =0. 


(6.61) 
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Finally, consider the first equation (6.551, which is now homogeneous in [M(t), S(t)]. The commutator [M(0), S(0)] 
vanishes since the supersymmetry operators are BRST invariant. Therefore 


Setting t = 1, we have in particular 


[M(t),S(t)] =0. 


[M,S] = 0, 


(6.62) 


(6.63) 


which proves that the products S'n+i generate a symmetry. To prove that the transformation acts in the small 
Hilbert space, consider the following set of equations: 


^[T 1 ,S(f)] = [[ri,S(t)],p(t)] + [S(t),m(t)] + [T|,s(")(t)], 
^([S(t),m(t)] + [T|,sW(t)]) = [[S(t),m(t)] + [rl,s(")(^)],^(^)] +2[sW(t),m(t)], 
^[s(")(t),m(t)] = [[sW(^),m(t)],^(t)]. 

Start with the last equation. Note that [m(0),s*^^^)(0)] vanishes because 

[m-2|o,S2”^|i] = [TO2I0, [to2|2,cti|_i]] = ^[[m2,m2]|2,cri|_i] - [TO2I2, [m2,cri]|_i] = 0. 


(6.64) 

(6.65) 

( 6 . 66 ) 

(6.67) 

( 6 . 68 ) 

The next to last equation (6.65) is now homogeneous in [S(t),m(t)] + [t|,( t)]. We know that [S(0),m(0)] + 
[t|, s(^^^(0)] = 0 because 


The last equation then implies 


m 


(t),sm(t)] = o. 


[S'!]-! + Si|i,m2|o] + [?7, [?7l2|2,cri|_i] = [S'i,m 2 ]|o + [si,TO2]|i = 0. 


Therefore (6.65) implies 


[S(t),m(t)] + [ri,s(")(t)] = 0. 


(6.69) 


(6.70) 


Finally, consider the first equation (6.64), which is now homogeneous in [■ri,S(t)]. Since [t|,S( 0)] = 0 we conclude 

[Tl,S(t)]=0, (6.71) 

so the products .Sn+i are in the small Hilbert space. This completes the construction of the supersymmetry 
transformation. 


6.2 Supersymmetry in Berkovits’ Superstring Field Theory 

Following EllS], our analysis should imply a natural form for the supersymmetry transformation of the NS+R 
equations of motion in Berkovits’ open superstring field theory nimiia. To derive this supersymmetry trans¬ 
formation, as an intermediate step we must perform a field redefinition from our string field $ to a new string 
field (p whose equations of motion and constraint are only polynomial [9]. The field redefinition is defined by the 
cohomomorphism 


G(t) = V 


exp ( / dt' |a(t') 


(6.72) 


where the path ordered exponential is defined in sequence of increasing t'. In particular, we can express the relation 
between $ and (p as 

^ = G—(6.73) 


l-(p 


1 - $ 


where G = G(l). Equivalently, we can write 


0 = G[^], 


(6.74) 
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where G[<E>] is given by 

Gm = 

1 - $ 

= $ + M 2 |o(^, $) + ^(m 3 |o(®, + M 2 |o(M 2 |o(^,®),®) + M 2 |o($,M 2 |o($,^))) + higher orders, (6.75) 

and TTi denotes the projection onto the 1-string component of the tensor algebra. Note that this field redefinition is 
only defined in the large Hilbert space—it is not compatible with the small Hilbert space constraint on the string 
field. In [3], such a field redefinition was called an improper field redefinition. Once we have transformed from $ 
to ip, we must perform a second transformation to map from p into Berkovits’ superstring field theory. However, it 
will be useful to work out the supersymmetry transformation for ip first. 


Let us find the equations of motion and constraint for ip. The generating functions given in (2.88l-(2.90l can be 
written 


M(t) = G(t)-iQG(t), 
m'(t) = G(t)"^m 2 | 2 G(t), 
m(t) = G(t)“^m 2 |oG(t), 


(6.76) 

(6.77) 

(6.78) 


since these expressions give a solution to the differential equations (2.95)-(2.97) with the correct initial conditions. 

(6.79) 


This implies that the composite products of the equations of motion can be expressed: 

M = M(l)-tm'(l) = G-i(Q + m2|2)G. 
Moreover, it follows from the computation in [5] that 


ri = G 




- m2|o G. 


The equations of motion and constraint for $ can be expressed together in the form 

1 


(M-ii) 


1 - $ 


= 0 . 


Multiplying by G, using (6.79) and (6.80), and replacing $ with the new string field (p, we find: 

1 


(Q-T) 


- T) -I- m2 


1-ip 


= 0 . 


(6.80) 


(6.81) 


(6.82) 


After projecting onto the 1-string component of the tensor algebra, we find familiar Chern-Simons-like equations 

{Q — r])ip + ip * tp = 0. (6.83) 

The field redefinition implies that we can break ip into NS and Ramond components 

+ i’R, (6.84) 


where the NS field pjq is Grassmann odd and has picture 
— 1/2. Then (6.83) is equivalent to four equations: 


— 1 and the R field ■i/'R is Grassmann odd and has picture 


0 = QipR, 

(6.85) 

0 = QPn +'lpR* tpR, 

(6.86) 

0 = jyV'R - [V'R)7 ’n], 

(6.87) 

0 = rjp-M - Pn * Pn, 

(6.88) 


where the commutator of string fields is computed with the star product and is graded with respect to Grassmann 
parity. The first two equations should be interpreted as equations of motion, since they are the image of the 
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equations of motion for $ after the field redefinition. The second two equations should be interpreted as equations 
of constraint, since they are the image of the small Hilbert space constraint on $ after the field redefinition. Note 
that the equations of motion for (p are quadratic the the Ramond string field, while the equations of motion for $ are 
cubic in the Ramond field. This happens because the field redefinition (6.751 is at most linear in the Ramond field, 
and, in conjunction with the quadratic term in the Ramond field in the equations of motion for (p, this produces 
cubic terms in the Ramond field in the equations of motion for d*. 

Now let’s derive the new form of the supersymmetry transformation. The differential equations (6.51)-(6.531 
imply that the supersymmetry transformation can be written in the form 


S = G-^sG. 


(6.89) 


where 

§ = Si|_i +Si|i + [cri|_i, m2|2]- 

This implies that the supersymmetry transformation of (p can be expressed 

5- -r = S--r. 

1 — p 1 — p 

Explicitly in terms of the NS and R components. 


(6.90) 

(6.91) 


(5(PN = siipR + [tpR, cti^n], (6.92) 

S'tpR = Sip^ + ai{iljR*tpR). (6.93) 


We can check that s is a symmetry of the equations of motion: 

[s,Q + m2|2] = [Si|_i +si|i + [cri|_i,m2|2],Q + m2|2], 

= ~ [Si|-i) 111212] + [Sil-i) 1112I2] + [si|i,ni2|2] + [[ciil-i, 1112I2]) 1112I2]) 

= 0. (6.94) 


The terms either cancel or vanish because the Ramond number exceeds the number of inputs. We can also check 
that s preserves the constraints: 

[s,T| - m 2 |o] = [Si|_i + Sill + [(Ti|_i,m 2 | 2 ] ,T| - m 2 |o], 

= -[si|_i,m2|2] - [Si|_i,m2|o] - [si|i,m2|o] - [[(Ti|_i, m2|2], m2|o], 

= -[si,m2]|i - [Si,m2]|_i - ^[eiil-i: [m2,m2]|2] + [[cti, m 2 ] |_i, m2|2], 

= 0. (6.95) 


This vanishes since the si, ^i and tri are derivations of the star product and because the star product is associative. 
Conjugating by G, this provides an alternative proof that the supersymmetry transformation S preserves the 
equations of motion for $ and is consistent with the small Hilbert space constraint. 

Now that we have the supersymmetry transformation for p, it is straightforward to translate into Berkovits’ 
superstring field theory. Berkovits’ superstring field theory uses a Grassmann even NS field $ in the large Hilbert 
space and at picture and ghost number 0, and a Grassmann odd R string field H in the small Hilbert space at 
picture —1/2 and at ghost number 1 [4]. These are related to and ipR througlj^ 

= (iye^)e“^, '(/r = (6.96) 


With this identification, the constraints (6.87) and (6.88) reduce to identities, and the equations of motion (6.85) 
and (6.86) translate to 




(^e 


= 


Qn+ [e-'^Qe^,^] = 0 . 


(6.97) 


The Berkovits equations of motion are invariant under infinitesimal gauge invariances 


5e^ = e‘^{v + [H, A]) + ue^, (6.98) 

6 n = [H, u] + i](^QA + A] ^. (6.99) 


^^The string field we call Q here is called iQ in [4]. 
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The NS gauge parameters u, v are Grassmann even and carry ghost and picture number zero; u is BRST closed 
while V is in the small Hilbert space. The Ramond gauge parameter A is Grassmann odd and in the large Hilbert 
space, and carries ghost number —1 and picture number +1/2. The supersymmetry transformation is 

(5H = 77(e"‘^S'ie‘^), = cti . (6.100) 

gives the supersymmetry transformation s for the string field tp, and further mapping gives the 
original supersymmetry transformation S for the string field $. 

One interesting potential application of these results is to check whether or not classical solutions in open 
superstring field theory are supersymmetric. However, the supersymmetry transformation we have derived is not 
necessarily the most convenient for this purpose. Specifically, our supersymmetry transformation is natural for an 
NS string field at picture —1, but usually analytic solutions in Berkovits superstring field theory are closely related 
to an NS string field at picture Oj^ For this reason, we will find it convenient to consider a “dual” formulation of 
open superstring field theory using the string field 

+* = +N + ^R, (6-101) 

where is a Grassmann odd NS field at picture 0 and ghost number 1 and is a Grassmann odd Ramond field 
at picture —1/2 and ghost number 1. The “dual” fields satisfy the equations 


Plugging into (6.96 


0 = Q+n + +N * +Ni 

(6.102) 

0 = Qip^ + [v^N, 

(6.103) 

0 = ~ I/r * V'rj 

(6.104) 

o 

II 

(6.105) 


When = 0, these are the equations of motion of the NS sector of the modified cubic superstring field theory 
[2H EH] . Note that the new field equations for cp* are identical to the previous field equations for (p after the 
“duality” map: 

Q -O' —r], picture ^ —(1 + picture). (6.106) 

We indicate the “dual” fields with a star *. We have 

0 = (Q -T| +m2^ ^ (6.107) 


Taking the “dual” of the supersymmetry transformation for (p we arrive at a new supersymmetry transformation 
for if* 



1 


(6.108) 


where 


s* = Si|_i + Sill - [cri|_i,m 2 | 2 ]. 


(6.109) 


Relating this “dual” formulation to Berkovits’ superstring field theory requires a slight change of perspective on the 
Ramond sector. In the previous paragraph we described the Ramond sector of the Berkovits theory using a string 
field H in the small Hilbert space. Now it will be more natural to use a string field il* which is not in the small 
Hilbert space but is BRST closed. The Ramond field is Grassmann odd and carries ghost number 1 and picture 
— 1/2. On shell, the Ramond fields H and are related by 


n = e ^r2*e*, (on shell). 


( 6 . 110 ) 


This relation is not meaningful off-shell since it is not consistent with the assumption that fl* is BRST closed while 
H is in the small Hilbert space. The “dual” fields ip’^ and ipR can be then be related to Berkovits’ superstring field 
theory through 

i/r = (6.111) 

^^Often it is possible to “dualize” analytic solutions into a form which is natural at picture — 1 m- 
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In this way, (6.102) and (6.103) reduce to identities while (6.104) and (6.105) are equivalent to the equations of 
motion of Berkovits’ superstring field theory expressed in the form 

Q((77e‘^)e-‘^) + = 0, rjil* - [(rie'^)e-'^,n*] = 0. (6.112) 


In these variables, the “dual” supersymmetry transformation of the Berkovits theory takes the form 

S*n* = = cti . 


(6.113) 


Plugging into (6.111) produces to the supersymmetry transformation of (/sjj and given in (6.109). 

Note that the supersymmetry transformation S and the “dual” supersymmetry transformation 5* assume dif¬ 
ferent off-shell degrees of freedom, and therefore really apply to different string field theories. On shell, however, 
they should be equivalent. In fact, one can show that they are equal up to an infinitesimal gauge transformation: 


= Se"^ -I- e*[0. A], (on shell), (6.114) 

5*0 = 50-hr7(QA-t [e"'^Qe‘^,A]), (on shell), (6.115) 

where the Ramond gauge parameter is given by 

A = —e“^crie*. (6.116) 

This shows that the two supersymmetry transformations are physically equivalent. 

We are now ready to discuss supersymmetry of classical solutions. On a BPS D-brane there are not many 
classical solutions whose existence is well-established. The only known solutions represent marginal deformations 
of the reference boundary superconformal field theory. We will consider specifically a transverse displacement of 
the reference D-brane, for which it is sufficient to consider the solution mUZ] 


= 1 + FX 


l+Bi^J 


F, 


K 


(6.117) 


in the context of Berkovits’ superstring field theory. As is appropriate for a classical background, the Ramond 
string field is zero. We use the algebraic notation for analytic solutions introduced in [28], following the conventions 
of [53|. The string field F is a function of K which we can take to be the square root of the SL{2,M.) vacuum 
The fields X and J are defined 


X = X^e-'^cip+, J=QX = X{iV2cdX++-/ip+), (6.118) 

where A is the marginal parameter describing the displacement of the D-brane, and the index -|- indicates a lightcone 
direction whose spatial component is transverse to the D-brane[^ The Berkovits solution implies an expression for 
the NS field (/?n at picture —1 and the “dual” NS field at picture zero: 

= (r?e'^)e-^ = FjTiX) ^ ^ 

= e-^Qe^ = FJ F. (6.120) 

i -|- D J 

Note that the picture zero field is simpler, which is why the “dual” supersymmetry transformation 5* is more 
convenient. The Berkovits solution also implies a solution $ of the original equations of motion in the small Hilbert 
space, which up to second order in the marginal operator takes the form 

$N = F{r]X)F - F{'qX)B ^~^ JF - F{r]X)F^XF - fi 2 (^F{r]X)F, Fir]X)F^ + higher orders. (6.121) 

use the algebraic notation introduced in m- See also m for the specific conventions that we follow. 

^^Technically, this solution translates the D-brane and switches on a timelike Wilson line of corresponding magnitude. However, as 
described in m, the timelike Wilson line is physically trivial. An alternative approach would use the solution of EB, which does not 
require excitation of spurious primaries in the timelike factor of the and BCFTs. 
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Translation of a D-brane does not break any supersymmetries. Therefore we should be able to show that this 
solution is supersymmetric. The only nontrivial supersymmetry transformation to compute is for the fermion. 
Using the “dual” supersymmetry transformation we find 




S*n* = Q((sie‘^)e 




-<s> 


( 6 . 122 ) 


Thus we need to compute This is zero because si is a derivation of the star product and because 

siK = 0, siB = 0, siJ = 0. (6.123) 

The first equation follows because Si is the zero mode of a weight 1 primary, and the last two equations follow because 
there are no poles in the OPE between the —1/2 picture fermion vertex and either b or J. Therefore the solution 
is supersymmetric. However, the solution is not identically invariant under the supersymmetry transformation <5 


which is natural at picture —1. From (6.1151 one finds that the supersymmetry transformation of the fermion is 


Sn = r){QA+ [e-^Qe^,A]). 


(6.124) 


with A = —While cti annihilates K and B, it does not annihilate J, and the Ramond gauge parameter A is 
not zero. Translating back into our original equations of motion , this m eans that the supersymmetry transformation 
S constructed in the previous section leaves the solution $ in (6.121) invariant up to a gauge transformation. 


While it is interesting to know the supersymmetry transformation on a BPS D-brane, it is not really enough to 
give a full account of the role of supersymmetry in open superstring field theory. This is because at least half of 
the supersymmetries are spontaneously broken by the reference boundary superconformal field theory, and broken 
supersymmetries can in principle be restored upon expanding around a nontrivial classical solution. The most 
dramatic example of this is tachyon condensation on a non-BPS D-brane [32] . where all 32 supersymmetries are 
restored at the tachyon vacuum. This can be seen as follows. While we do not presently know the explicit form 
of broken supersymmetry transformations in superstring field theory, in any case they will generate at most an 
infinitesimal deformation of the tachyon vacuum. But since the kinetic operator around the tachyon vacuum has no 
cohomology, any infinitesimal deformation can be removed by gauge transformation, which shows that the tachyon 
vacuum is invariant under all supersymmetries. (In fact, this argument shows that the tachyon vacuum is invariant 
under all symmetries of the closed string background). For more general BPS solutions the explicit realization of 
this story will be more nontrivial, but progress along these lines may be possible following [30] . 


6.3 Supersymmetry Algebra 

Now that we have a supersymmetry transformation, it is interesting to co mpute the supersymmetry algebra. For 
this purpose it is easier to work with the polynomial string field (f in (6.74) rather than the original string field <i> in 


the small Hilbert space. Since the supersymmetry transformation of tp is given by the coderivation s, we compute 

[i,s'], (6.125) 

where the prime indicates that the operator is defined with a second independent supersymmetry parameter e'g. 
Once we find [s, s'], we can easily recover [S, S'] for the original string field $ by making a similarity transformation 
with G. 

The commutator of supersymmetry transformations should produce the momentum operator: 




dz 


AdXf,{z). 


I\z\=i 

It will also be useful to consider a “momentum operator” at picture —1 


(6.126) 


(6.127) 
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and 




dz 




*{z). 


The operators and are all derivations of the star product. Moreover, they satisfy 




P^. = [Q 

Pm = 


(6.128) 


(6.129) 

(6.130) 


analogous to the relation between M 2 ,H 2 and m 2 . To compute the supersymmetry algebra we need the following 
commutators between supersymmetry operators: 


where for short we denote 


[si,s)] = -2p{e,e'), 

[5i,s;] = [si,5(] =-2P(e,e'), 

P(e,e')= 


(6.131) 

(6.132) 

(6.133) 


and similarly for p(e, e') and 7r(e, e'), where C is the charge conjugation matrix. 

Now we are ready to compute the supersymmetry algebra. Plugging in (6.90) and expanding cross-terms gives 

[s,s'] = [Si|_i,Sj|i] -I- [si|i,Sj|_i] -I- [Si|_i, [cri|_i, m 2 | 2 ]] + [[<ti|_i, m 2 | 2 ], Sj|_i] 

+ [si|i, [crj |_i,m2|2]] + [[cri|_i,m2|2],s'i|i] -|- [[cti |_i, mab], m2|2]]. ( 6 . 134 ) 

To extract the momentum operator, rewrite the first two terms 

[Si|_i,s;ii] + [si|i,s;i_i] = [Si,s;] + [si,s;] - [Si|i,s;i_i] - [si|_i,sj|i], 

= -4P(e,e')- [Si|i,s;|_i] - [si|_i, S^li], 

= -2P(e,e')-2[Q,7r(e,e')]- [Si|i,s;|_i] - [si|_i, S'i|i], (6.135) 

where P(e, e') is the coderivation corresponding to P{e,e') and 7r(e, e') is the coderivation corresponding to 7r(e, e'). 
In the third step we chose to express part of the translation operator in the form [Q, tt^], for reasons that will be 
clear shortly. Substituting we find 

[§,§'] = -2P(e,e') - 2[Q,7r(e,e')] - [Si|i,sj|_i] - [si|_i, S'i|i] [Si|_i, [cr)|_i,m 2 | 2 ]] 

-f [[cri|_i,m2|2],Sj|_i] -h [sili, [cri|_i,m2|2]] + [[cri|_i, m2|2], s) |i] -f [[cri|_i, m2|2], [(t( |_i, m2|2]]. 

(6.136) 


In the simplest supersymmetry algebra, the terms after —2P(e, e') would cancel. Unfortunately they do not cancel, 
and we have to make sense of them. The reason why the extra terms are present is that we are dealing with an 
on-shell supersymmetry algebra. This is not surprising, since the off-shell fermionic and bosonic degrees of freedom 
in the string field do not match. For example, at mass level 0 we have 16 fermion fields but only 11 boson fields, 
including the gauge field, transverse scalars, and an auxiliary field. In the current context, on-shell supersymmetry 
implies that that the supersymmetry algebra should be expressible as 


[s, s'] — —2 P(e, e') -I- [Q -I- m 2 | 2 , A], 


(6.137) 


where A is a coderivation which is consistent with the constraint on the field ip: 

[ti - m2|o,y = 0. 


(6.138) 


Now we show that the supersymmetry algebra can be expressed in this form. Continuing from (6.136), we write 


[§,§'] = -2P(e,e') -h [Q,-2 7r(e,e') - [cri|i, sj|_i] - [si|_i, 

+ [Sil-i, m 2 | 2 ]] — [S]|_i, [(Ti|_i,111212]] 

+ [m 2 | 2 , [si|i,cr]|_i] -H [(Ti|_i,s]|i]] 

+ [[o'i|-i,m 2 | 2 ], [cr]|_i,m 2 | 2 ]]. (6.139) 
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Here we pulled a Q out of the second and third terms in (6.136) and an m 2\2 out of the sixth and seventh terms 
in (6.136) using the fact that Si|i annihilates m. 2 \ 2 - Now we can rewrite the term on the third line of (6.139): 


[m2|2, [si|i,cr'|_i] + [cri|_i,s'i|i]] = [m2|2, [si.cr'J + [cri,s'i] - [si|_i,cri|i] - [cti| i, s'^|_i]], 

= [m 2 , [si, cr[] + [(Ti, s'^]] I 2 — [m 2 | 2 , [si|_i, cr[|i] + [cti |i, s'^ |_i]], 


= [m2|2,-27r(e,e') - [si|_i,cr[|i] - [cri|i, s'i|_i]]. 


(6.140) 


Here we used the fact that Si,cri and 7r(e,e') are derivations of m 2 . Therefore (6.139) simplifies to 

[s, s'] = — 2P(e, e') + [Q + m 2 | 2 , —2 7r(e, e') — [si|_i, (t[|i] — [criji, s)|_i]] 

+ [Sil-ii ni2|2]] — [S'll-i, [cri|_i, m2|2]] 

+ [[cri|-i,m2|2], [(T[|_i,m2|2]]. 


(6.141) 


Now we have to see what to do with the terms on the second two lines. For the second line note that we can rewrite 

[Sil-i, [cr[|_i,m2|2]] - [S'll-i, [(Ti|_i,m2|2]] = [Si|-i, ma^]] - [cri|_i, [Si|_i, m2|2]], 

= [Q, [cTil-i, [cr[|-i,m2|2]]]. (6.142) 


and for the third line in (6.1411 


[[cri|_i,m 2 | 2 ], [cr[|_i,m 2 | 2 ]] = [m 2 | 2 , [crij-i, [cr[|_i, m 2 | 2 ]]], 


(6.143) 


using the fact that m 2|2 is nilpotent. Taken all together, this implies that the supersymmetry algebra takes the 
form 


[s, s'] — — 2 P(e, e') + [Q + m 2 l 2 , — 2 7r(e, e') — [si j 


and therefore the coderivation A in (6.137) is 

A = -2 7r(e,e') - [criJi,s'^l_i] 


~ ['^l|l)®ll-l] + ['’’ll-l) [<^11-1)111212]]]) 
- [si|-i)<i’ili] + kll-l) [<1'[|-I)m2l2]]. 


(6.144) 


(6.145) 


Conjugating by G, this implies that the supersymmetry algebra for the original field $ in the small Hilbert space 
takes the form: 

[S, S'] = -2 P(e, e') + [M, A] , (6.146) 

where 

A = G-^AG (6.147) 

and we use the fact that the gauge products carry zero momentum and therefore commute with P^. Now we have 
to show that A is consistent with the constraint on the string field. Compute: 

[t))^] = ~2p(e, e') — [siji,s)j_i] — [sij_i,sjji] + [sij_i, [cr[j_i, m 2 l 2 ]] — [<Tij_i, [sjj_i, m 2 l 2 ]]) 

= -2p(e,e') - [si,sj]lo - [sil_i, [crjji,majo]] - [<ti1-i, [s'lJi, m 2 lo]], 

= -[[si|_i)Cr[|i])m2|o] - [<t[1i, [sij.i, m2lo]] - [[cti]_!, s)Ji], m2lo] - [s'lJi, [(Ti1_i, m2lo]], 

= [m2lo, [sjli,cril_i] + [cr[li,sil_i]] - [cr[li, [si,m2]l-i] - [s'lJi, [cti, m 2 ] J-i], 

= [m2lo,-27r(e,e') + [s'il_i,crili] + [cr[liSil_i] + [crij.i, [cr[l_i, m2l2]]], 

= [m2lo,A]. (6.148) 


In the first step we computed the action of T| on A; in the second step we used conservation of Ramond number 
in addition to the derivation property of di and si; in the third step we canceled the first two terms using (6.131) 
and used the Jacobi identity; in the fourth step we collected terms and used Ramond number conservation; in the 
fifth step we used the derivation property of si and di; in the sixth step we added terms which vanish because 
of associativity of m 2 and the derivation property of si and di; in the sixth step we substituted the definition of 
A. Note that we needed to express part of the translation operator in the form [Q, 7r(e, e')] so that A would be 
consistent with this constraint. 
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So far we have been working at the level of coderivations on the tensor algebra, but it is helpful to bring things 
down to earth and express the supersymmetry algebra in terms of the NS and R string fields and '0 r. Acting 
equation (6.137) on the group-like element of (p, projecting onto the 1-string component of the tensor algebra, and 
separating NS and R components produces an expression of the form 

Vtransiormation/N \ trivial J ^ 

(““I- <-») 

The extra terms represent an infinitesimal gauge transformation and a piece which vanishes assuming the equations 
of motion. An infinitesimal gauge transformation of the polynomial equations of motion (6.83) takes the general 
form 






gauge 

V transformation ) n 
gauge 

V transformation 7 R 




= QAn + [V’R, Ar], 

= QAr, 

where the NS and R gauge parameters An and Ar are subject to the constraints 


77AN = An], 

^Ar = [(/jn, Ar] -I- [V'R, An]- 

The particular gauge parameters which appear the supersymmetry algebra are 

An = -2 7r(e, e')</5N - (cisi - trjsiji/SN - [cri</5N, crji/SN], 

Ar = -2 7r(e, e')^/>R - (sicrj - s'iCri)'i/'R + cri['i/'R, UiV^n] - (Ti[V'R, cri<pN]- 


(6.151) 

(6.152) 


(6.153) 

(6.154) 


(6.155) 

(6.156) 


One can ch eck th at the gauge parameters satisfy the constraints, which is basically a consequence of the fact that 
A satisfies (6.138). Now let’s write down the on-shell trivial terms. For short, let us write the NS and Ramond 
Euler-Lagrange functions 


Then 



An = Q<pn + fpR* pR, 

( 6 . 157 ) 


Ar = QPr. 

( 6 . 158 ) 

on shelO 
trivial y 

= -2 7 r(e, e')AN - (cis'i - cr'iSi)AN -I- [cr'i^/^N, ctiAn] - [cri(^N, crjAN], 

N 

( 6 . 159 ) 

on shelP 
trivial y 

= -2 7 r(e, e')AR - (sicr/ - s/ctOAh -k CTi[ cr)A n, Pr] -k CTi [Ar, 

R 



- crj[ ctiAn, Pr] - 

( 6 . 160 ) 


Once we impose the equations of motion, we obtain a supersymmetry algebra of the expected form modulo gauge 
transformations. 


7 Conclusions 

In this paper we have constructed consistent classical field equations for all superstring theories, and for the open 
superstring given an explicit analysis of supersymmetry. A proof that our field equations imply the correct tree-level 
amplitudes will be provided in upcoming work m- Let us conclude by discussing future directions. 

Though we don’t know how to write a fully satisfactory action for the Ramond sector, it should be possible 
to formulate a tree-level action which includes two Ramond string fields (typically, at picture —1/2 and —3/2), 
which are afterwards related by imposing a “self-dual” constraint on classical solution space [5]. See [33] for recent 
discussion. One version of this idea was recently suggested in |7], and would be particularly natural to implement 
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using the methods of this paper. However, the required products in the equations of motion will be different 
from those introduced here; in a sense they will be more complicated, since even at a given Ramond number the 
products will differ depending on the number of Ramond states being multiplied. However, this is probably not 
an insurmountable complication. It would be particularly nice if an action with constraint could be realized for 
type H closed superstring field theory, as it would give a potentially interesting gauge invariant observable for 
Ramond-Ramond backgrounds. However, it remains to be seen whether an action with constraint helps in defining 
the quantum theory. 

One important question is whether recent developments in superstring field theory can help in understanding 
higher genus amplitudes in superstring perturbation theory. The conservative approach to this problem requires first 
constructing a satisfactory classical action, and then quantizing following the methodology of the Batalin-Vilkovisky 
formalism |34j . However, given present limitations in the Ramond sector, a more pragmatic approach may be to 
construct a IPI effective superstring field theory, as suggested by Sen [33 [7]. The main question in this respect is 
whether the methods developed here and in previous works can be adapted to handle spurious singularities which 
appear in superconformal ghost correlators at higher genus [36j . It may also be helpful to clarify the relation between 
our construction of vertices and the method of “vertical integration” introduced in m and further developed in 
[55] . We hope to return to these questions soon. 

Acknowledgments 

T.E. would like to thank S. Hellerman and A. Sen for conversations. This work was supported in parts by the DFG 
Transregional Collaborative Research Centre TRR 33 and the DFC cluster of excellence Origin and Structure of 
the Universe. 


References 

[11 T. Frier, S. Konopka and I. Sachs, “Resolving Witten‘s superstring field theory,” JHFP 1404, 150 (2014) 
[arXiv:1312.2948 [hep-th]]. 

[2] T. Erler, S. Konopka and I. Sachs, “NS-NS Sector of Closed Superstring Field Theory,” JHFP 1408, 158 
(2014) [arXiv: 1403.0940 [hep-th]]. 

[3] D. Friedan, E. J. Martinec and S. H. Shenker, “Conformal Invariance, Supersymmetry and String Theory,” 
Nucl. Phys. B 271, 93 (1986). 

[4] N. Berkovits, “The Ramond sector of open superstring field theory,” JHFP 0111, 047 (2001) [hep-th/0109100]. 

[5] B. Jurco and K. Muenster, “Type H Superstring Field Theory: Geometric Approach and Operadic Description,” 
JHFP 1304, 126 (2013) [arXiv: 1303.2323 [hep-th]]. 

[6] Y. Michishita, “A Covariant action with a constraint and Feynman rules for fermions in open superstring held 
theory,” JHFP 0501, 012 (2005) [hep-th/0412215]. 

[7] A. Sen, “Gauge Invariant IPI Effective Superstring Field Theory: Inclusion of the Ramond Sector,” 
arXiv:1501.00988 [hep-th]. 

[8] T. Erler, Y. Okawa and T. Takezaki, “A^o structure from the Berkovits formulation of open superstring held 
theory,” arXiv:1505.01659 [hep-th]. 

[9] T. Erler, “Relating Berkovits and A^o Superstring Field Theories; Small Hilbert Space Perspective,” 
arXiv:1505.02069 [hep-th]. 

[10] H. Kunitomo, “The Ramond Sector of Heterotic String Field Theory,” PTEP 2014, no. 4, 043B01 (2014) 
[arXiv:1312.7197 [hep-th]]. 

[11] H. Kunitomo, “First-Order Equations of Motion for Heterotic String Field Theory,” arXiv:1407.0801 [hep-th]. 

[12] E. Witten, “Noncommutative Geometry and String Field Theory,” Nucl. Phys. B 268, 253 (1986). 


41 


[13] J. Polchinski, “String theory. Vol. 2: Superstring theory and beyond,” Cambridge, UK: Univ. Pr. (1998) 531 p 

[14] P. Deligne and D. S. Freed, “Sign Manifesto”; Quantum fields and strings: A course for mathematicians. Vol. 
1, 2, Eds. P. Deligne, P. Etingof, D. S. Ereed, L. C. Jeffrey, D. Kazhdan, J. W. Morgan, D. R. Morrison and 
E. Witten; Providence, USA: AMS (1999) 1-1501 

[15] E. Witten, “Interacting Field Theory of Open Superstrings,” Nucl. Phys. B 276, 291 (1986). 

[16] C. Wendt, “Scattering Amplitudes and Contact Interactions in Witten’s Superstring Field Theory,” Nucl. 
Phys. B 314, 209 (1989). 

[17] S. Konopka, to appear. 

[18] B. Zwiebach, “Oriented open - closed string theory revisited,” Annals Phys. 267, 193 (1998) [hep-th/9705241]. 

[19] M. Saadi and B. Zwiebach, “Closed String Field Theory from Polyhedra,” Annals Phys. 192, 213 (1989). 

[20] M. Kroyter, “Superstring field theory in the democratic picture,” Adv. Theor. Math. Phys. 15, 741 (2011) 
[arXiv:0911.2962 [hep-th]]. 

[21] N. Berkovits, “SuperPoincare invariant superstring field theory,” Nucl. Phys. B 450, 90 (1995) [Nucl. Phys. B 
459, 439 (1996)] [hep-th/9503099]. 

[22] N. Berkovits, “A New approach to superstring field theory,” Fortsch. Phys. 48, 31 (2000) [hep-th/9912121]. 

[23] M. Kroyter, “Democratic Superstring Field Theory: Gauge Fixing,” JHEP 1103, 081 (2011) [arXiv:1010.1662 
[hep-th]]. 

[24] C. R. Preitschopf, C. B. Thorn and S. A. Yost, “Superstring Field Theory,” Nucl. Phys. B 337, 363 (1990). 

[25] I. Y. Arefeva, P. B. Medvedev and A. P. Zubarev, “New Representation for String Field Solves the Consistency 
Problem for Open Superstring Field Theory,” Nucl. Phys. B 341, 464 (1990). 

[26] T. Erler, “Marginal Solutions for the Superstring,” JHEP 0707, 050 (2007) [arXiv:0704.0930 [hep-th]]. 

[27] Y. Okawa, “Analytic solutions for marginal deformations in open superstring field theory,” JHEP 0709, 084 
(2007) [arXiv:0704.0936 [hep-th]]. 

[28] Y. Okawa, “Comments on Schnabl’s analytic solution for tachyon condensation in Witten’s open string field 
theory,” JHEP 0604, 055 (2006) [hep-th/0603159]. 

[29] T. Erler and M. Schnabl, “A Simple Analytic Solution for Tachyon Condensation,” JHEP 0910, 066 (2009) 
[arXiv:0906.0979 [hep-th]]. 

[30] T. Erler and C. Maccaferri, “String Eield Theory Solution for Any Open String Background,” JHEP 1410, 
029 (2014) [arXiv:1406.3021 [hep-th]]. 

[31] M. Kiermaier and Y. Okawa, “General marginal deformations in open superstring field theory,” JHEP 0911, 
042 (2009) [arXiv:0708.3394 [hep-th]]. 

[32] T. Erler, “Analytic solution for tachyon condensation in Berkovits' open superstring field theory,” JHEP 1311, 
007 (2013) [arXiv: 1308.4400 [hep-th]]. 

[33] H. Kunitomo, “Symmetries and Eeynman rules for the Ramond sector in open superstring field theory,” PTEP 
2015, no. 3, 033B11 (2015) [arXiv:1412.5281 [hep-th]]. 

[34] B. Zwiebach, “Glosed string field theory: Quantum action and the B-V master equation,” Nucl. Phys. B 390, 
33 (1993) [hep-th/9206084]. 

[35] A. Sen, “Gauge Invariant IPI Effective Action for Superstring Field Theory,” arXiv:1411.7478 [hep-th]. 

[36] E. P. Verlinde and H. L. Verlinde, “Multiloop Galculations in Govariant Superstring Theory,” Phys. Lett. B 
192, 95 (1987). 


42 



[37] A. Sen, “Off-shell Amplitudes in Superstring Theory,” Fortsch. Phys. 63, 149 (2015) [arXiv:1408.0571 [hep-th]]. 

[38] A. Sen and E. Witten, “Filling The Gaps With PCO’s,” arXiv: 1504.00609 [hep-thj. 


43 



